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Understanding the statistics of quasi-particle excitations in magnetic systems is essential for ex-
ploring new magnetic phases and collective quantum phenomena. While the chemical potential of
a ferromagnetic gas has been extensively investigated both theoretically and experimentally, its an-
tiferromagnetic counterpart remains uncharted. Here, we derive the statistics of a two-component
U(1)-symmetric Bose gas and apply our results to an axially-symmetric antiferromagnetic insulator.
We find that the two magnon eigenmodes of the system are described by an equal and opposite
chemical potential, in analogy with a particle-antiparticle pair. Furthermore, we derive the thermo-
magnonic torques describing the interaction between the coherent and incoherent antiferromagnetic
spin dynamics. Our results show that the magnitude and sign of the chemical potential can be
tuned via an AC magnetic field driving resonantly one of the magnon modes. Finally, we propose
NV-center relaxometry as a method to experimentally test our predictions.
I. INTRODUCTION
In the last decade, magnetic insulators have been sur-
facing as a promising platform for long-range informa-
tion transport and emergent collective quantum phe-
nomena [1]. While electronic motion is prohibited in
these systems, the electron’s spin can be transported
by magnons, i.e., quasi-particles corresponding to the
quantized fluctuations of the magnetic order parameter.
Long-range magnon transport has been observed in yt-
trium iron garnet (YIG) that was driven either ther-
mally [2, 3] or electrically [2, 4]. Prior these measure-
ments, magnons have been described as a Bose gas with
no chemical potential, due to the non-spin-conserving
magnon-phonon scattering that occurs in all magnetic
systems. Recently, it has been instead established that
the observed long-range magnon transport can not be
explained without invoking a magnon chemical poten-
tial [5]. This quantity parametrizes a long-living non-
equilibrium magnon state that can be realized when the
non-spin-conserving interactions are much weaker than
the spin-conserving scattering processes that drive the
thermalization of the magnon gas to a state described by
Bose-Einstein statistics.
The first direct measurement of the magnon chemical
potential has been performed by C. Du et al [6]. Their
experimental scheme relies on the interplay between the
coherent and incoherent ferromagnetic spin dynamics [7].
An AC magnetic field drives the long-wavelength spin
dynamics of YIG, which, in turn, pumps spin angular
momentum into the thermal magnon gas, leading to an
increase of the chemical potential that can be probed via
NV-center relaxometry [8].
The introduction of a magnon chemical potential
has sparked numerous efforts to realize magnon Bose-
Einstein condensation (BEC). Macroscopic occupation
of the lowest-energy mode of a ferromagnetic gas has
been achieved via parametric pumping [9] or microwave
drive [6]. On the other side, U (1)-symmetric mag-
netic insulating systems have been proposed as a host
of magnon BEC at equilibrium. This phase has been
predicted to support a spin superfluid, i.e., a long-range
propagating Goldstone mode emerging from the spon-
taneous breaking of U (1) symmetry [10]. The lack of
dipole-dipole interactions make axially-symmetric anti-
ferromagnets (AFMs) ideal candidates for the realization
of magnon BEC and spin superfluidity [11–13]. However,
despite their promise and abundance in nature [14], these
systems have not been subjected yet to the same scrutiny
of their ferromagnetic counterpart.
In this work, we establish a rigorous definition of the
chemical potential of a U(1)-symmetric antiferromag-
netic system and we propose an experimental set up for
both controlling and probing it. The collective excita-
tions of the AF system can be described in terms of two
magnon modes carrying opposite spin angular momen-
tum. In Sec. II, we show that the statistics of the antifer-
Antiferromagnetic insulator
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SB<latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQr MKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0 PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZ ShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit><latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQr MKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0 PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZ ShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit><latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQr MKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0 PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZ ShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit><latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQr MKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0 PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZ ShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit>
! 
<latexit sha1_base64="mcHyL82K9E50T+UsjS1o2pbGOTY=">AAAB9XicbZDLSgMxFIYzXmu9VV26CRbBVZ kRQVdScOOygr1AZyyZ9EwbmsuQZJQy9D3cuFDEre/izrcxbWehrT8EPv5zDufkj1POjPX9b29ldW19Y7O0Vd7e2d3brxwctozKNIUmVVzpTkwMcCahaZnl0Ek1EBFzaMejm2m9/QjaMCXv7TiFSJCBZAmjxDrrIVQCBqSXhzFY MulVqn7NnwkvQ1BAFRVq9CpfYV/RTIC0lBNjuoGf2ign2jLKYVIOMwMpoSMygK5DSQSYKJ9dPcGnzunjRGn3pMUz9/dEToQxYxG7TkHs0CzWpuZ/tW5mk6soZzLNLEg6X5RkHFuFpxHgPtNALR87IFQzdyumQ6IJtS6osgshWP zyMrTOa4Hju4tq/bqIo4SO0Qk6QwG6RHV0ixqoiSjS6Bm9ojfvyXvx3r2PeeuKV8wcoT/yPn8A2SyStg==</latexit><latexit sha1_base64="mcHyL82K9E50T+UsjS1o2pbGOTY=">AAAB9XicbZDLSgMxFIYzXmu9VV26CRbBVZ kRQVdScOOygr1AZyyZ9EwbmsuQZJQy9D3cuFDEre/izrcxbWehrT8EPv5zDufkj1POjPX9b29ldW19Y7O0Vd7e2d3brxwctozKNIUmVVzpTkwMcCahaZnl0Ek1EBFzaMejm2m9/QjaMCXv7TiFSJCBZAmjxDrrIVQCBqSXhzFY MulVqn7NnwkvQ1BAFRVq9CpfYV/RTIC0lBNjuoGf2ign2jLKYVIOMwMpoSMygK5DSQSYKJ9dPcGnzunjRGn3pMUz9/dEToQxYxG7TkHs0CzWpuZ/tW5mk6soZzLNLEg6X5RkHFuFpxHgPtNALR87IFQzdyumQ6IJtS6osgshWP zyMrTOa4Hju4tq/bqIo4SO0Qk6QwG6RHV0ixqoiSjS6Bm9ojfvyXvx3r2PeeuKV8wcoT/yPn8A2SyStg==</latexit><latexit sha1_base64="mcHyL82K9E50T+UsjS1o2pbGOTY=">AAAB9XicbZDLSgMxFIYzXmu9VV26CRbBVZ kRQVdScOOygr1AZyyZ9EwbmsuQZJQy9D3cuFDEre/izrcxbWehrT8EPv5zDufkj1POjPX9b29ldW19Y7O0Vd7e2d3brxwctozKNIUmVVzpTkwMcCahaZnl0Ek1EBFzaMejm2m9/QjaMCXv7TiFSJCBZAmjxDrrIVQCBqSXhzFY MulVqn7NnwkvQ1BAFRVq9CpfYV/RTIC0lBNjuoGf2ign2jLKYVIOMwMpoSMygK5DSQSYKJ9dPcGnzunjRGn3pMUz9/dEToQxYxG7TkHs0CzWpuZ/tW5mk6soZzLNLEg6X5RkHFuFpxHgPtNALR87IFQzdyumQ6IJtS6osgshWP zyMrTOa4Hju4tq/bqIo4SO0Qk6QwG6RHV0ixqoiSjS6Bm9ojfvyXvx3r2PeeuKV8wcoT/yPn8A2SyStg==</latexit><latexit sha1_base64="mcHyL82K9E50T+UsjS1o2pbGOTY=">AAAB9XicbZDLSgMxFIYzXmu9VV26CRbBVZ kRQVdScOOygr1AZyyZ9EwbmsuQZJQy9D3cuFDEre/izrcxbWehrT8EPv5zDufkj1POjPX9b29ldW19Y7O0Vd7e2d3brxwctozKNIUmVVzpTkwMcCahaZnl0Ek1EBFzaMejm2m9/QjaMCXv7TiFSJCBZAmjxDrrIVQCBqSXhzFY MulVqn7NnwkvQ1BAFRVq9CpfYV/RTIC0lBNjuoGf2ign2jLKYVIOMwMpoSMygK5DSQSYKJ9dPcGnzunjRGn3pMUz9/dEToQxYxG7TkHs0CzWpuZ/tW5mk6soZzLNLEg6X5RkHFuFpxHgPtNALR87IFQzdyumQ6IJtS6osgshWP zyMrTOa4Hju4tq/bqIo4SO0Qk6QwG6RHV0ixqoiSjS6Bm9ojfvyXvx3r2PeeuKV8wcoT/yPn8A2SyStg==</latexit>
~, µ
<latexit sha1_base64="nH+uQu9ioy0hWZzplmNvnlhwPwI=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8E iuJAyI4KupODGZQVbi52hZNJMG5pkhlyEMvQt3LhQxK1v4863MW1noa0/BD7+cw45548zzrTx/W+vtLK6tr5R3qxsbe/s7lX3D9o6tYrQFkl5qjox1pQzSVuGGU47maJYxJw+xKObaf3hiSrNUnlvxhmNBB5IljCCjbMe w2GM1RkKhe1Va37dnwktQ1BADQo1e9WvsJ8SK6g0hGOtu4GfmSjHyjDC6aQSWk0zTEZ4QLsOJRZUR/ls4wk6cU4fJalyTxo0c39P5FhoPRax6xTYDPVibWr+V+tak1xFOZOZNVSS+UeJ5cikaHo+6jNFieFjB5go5nZF ZIgVJsaFVHEhBIsnL0P7vB44vruoNa6LOMpwBMdwCgFcQgNuoQktICDhGV7hzdPei/fufcxbS14xcwh/5H3+AN44kF0=</latexit><latexit sha1_base64="nH+uQu9ioy0hWZzplmNvnlhwPwI=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8E iuJAyI4KupODGZQVbi52hZNJMG5pkhlyEMvQt3LhQxK1v4863MW1noa0/BD7+cw45548zzrTx/W+vtLK6tr5R3qxsbe/s7lX3D9o6tYrQFkl5qjox1pQzSVuGGU47maJYxJw+xKObaf3hiSrNUnlvxhmNBB5IljCCjbMe w2GM1RkKhe1Va37dnwktQ1BADQo1e9WvsJ8SK6g0hGOtu4GfmSjHyjDC6aQSWk0zTEZ4QLsOJRZUR/ls4wk6cU4fJalyTxo0c39P5FhoPRax6xTYDPVibWr+V+tak1xFOZOZNVSS+UeJ5cikaHo+6jNFieFjB5go5nZF ZIgVJsaFVHEhBIsnL0P7vB44vruoNa6LOMpwBMdwCgFcQgNuoQktICDhGV7hzdPei/fufcxbS14xcwh/5H3+AN44kF0=</latexit><latexit sha1_base64="nH+uQu9ioy0hWZzplmNvnlhwPwI=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8E iuJAyI4KupODGZQVbi52hZNJMG5pkhlyEMvQt3LhQxK1v4863MW1noa0/BD7+cw45548zzrTx/W+vtLK6tr5R3qxsbe/s7lX3D9o6tYrQFkl5qjox1pQzSVuGGU47maJYxJw+xKObaf3hiSrNUnlvxhmNBB5IljCCjbMe w2GM1RkKhe1Va37dnwktQ1BADQo1e9WvsJ8SK6g0hGOtu4GfmSjHyjDC6aQSWk0zTEZ4QLsOJRZUR/ls4wk6cU4fJalyTxo0c39P5FhoPRax6xTYDPVibWr+V+tak1xFOZOZNVSS+UeJ5cikaHo+6jNFieFjB5go5nZF ZIgVJsaFVHEhBIsnL0P7vB44vruoNa6LOMpwBMdwCgFcQgNuoQktICDhGV7hzdPei/fufcxbS14xcwh/5H3+AN44kF0=</latexit><latexit sha1_base64="nH+uQu9ioy0hWZzplmNvnlhwPwI=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8E iuJAyI4KupODGZQVbi52hZNJMG5pkhlyEMvQt3LhQxK1v4863MW1noa0/BD7+cw45548zzrTx/W+vtLK6tr5R3qxsbe/s7lX3D9o6tYrQFkl5qjox1pQzSVuGGU47maJYxJw+xKObaf3hiSrNUnlvxhmNBB5IljCCjbMe w2GM1RkKhe1Va37dnwktQ1BADQo1e9WvsJ8SK6g0hGOtu4GfmSjHyjDC6aQSWk0zTEZ4QLsOJRZUR/ls4wk6cU4fJalyTxo0c39P5FhoPRax6xTYDPVibWr+V+tak1xFOZOZNVSS+UeJ5cikaHo+6jNFieFjB5go5nZF ZIgVJsaFVHEhBIsnL0P7vB44vruoNa6LOMpwBMdwCgFcQgNuoQktICDhGV7hzdPei/fufcxbS14xcwh/5H3+AN44kF0=</latexit>
↵ mode
<latexit sha1_base64="7+03ztZbbHbL9jfzRwSN87oCt0s=">AAAB/nicbZBNS8NAEIY39avW r6h48rJYBE8lEUFBDwUvHivYWmhC2Wym7dLNB7sTsYSCf8WLB0W8+ju8+W/ctjlo6wsLD+/MMLNvkEqh0XG+rdLS8srqWnm9srG5tb1j7+61dJIpDk2eyES1A6ZBihiaKFBCO1XAokDCfTC8ntTvH0 BpkcR3OErBj1g/Fj3BGRqrax94TKYDRr1L6iE8Yh4lIYy7dtWpOVPRRXALqJJCja795YUJzyKIkUumdcd1UvRzplBwCeOKl2lIGR+yPnQMxiwC7efT88f02Dgh7SXKvBjp1P09kbNI61EUmM6I4UDP 1ybmf7VOhr0LPxdxmiHEfLaol0mKCZ1kQUOhgKMcGWBcCXMr5QOmGEeTWMWE4M5/eRFapzXX8O1ZtX5VxFEmh+SInBCXnJM6uSEN0iSc5OSZvJI368l6sd6tj1lrySpm9skfWZ8/6RiVbg==</latex it><latexit sha1_base64="7+03ztZbbHbL9jfzRwSN87oCt0s=">AAAB/nicbZBNS8NAEIY39avW r6h48rJYBE8lEUFBDwUvHivYWmhC2Wym7dLNB7sTsYSCf8WLB0W8+ju8+W/ctjlo6wsLD+/MMLNvkEqh0XG+rdLS8srqWnm9srG5tb1j7+61dJIpDk2eyES1A6ZBihiaKFBCO1XAokDCfTC8ntTvH0 BpkcR3OErBj1g/Fj3BGRqrax94TKYDRr1L6iE8Yh4lIYy7dtWpOVPRRXALqJJCja795YUJzyKIkUumdcd1UvRzplBwCeOKl2lIGR+yPnQMxiwC7efT88f02Dgh7SXKvBjp1P09kbNI61EUmM6I4UDP 1ybmf7VOhr0LPxdxmiHEfLaol0mKCZ1kQUOhgKMcGWBcCXMr5QOmGEeTWMWE4M5/eRFapzXX8O1ZtX5VxFEmh+SInBCXnJM6uSEN0iSc5OSZvJI368l6sd6tj1lrySpm9skfWZ8/6RiVbg==</latex it><latexit sha1_base64="7+03ztZbbHbL9jfzRwSN87oCt0s=">AAAB/nicbZBNS8NAEIY39avW r6h48rJYBE8lEUFBDwUvHivYWmhC2Wym7dLNB7sTsYSCf8WLB0W8+ju8+W/ctjlo6wsLD+/MMLNvkEqh0XG+rdLS8srqWnm9srG5tb1j7+61dJIpDk2eyES1A6ZBihiaKFBCO1XAokDCfTC8ntTvH0 BpkcR3OErBj1g/Fj3BGRqrax94TKYDRr1L6iE8Yh4lIYy7dtWpOVPRRXALqJJCja795YUJzyKIkUumdcd1UvRzplBwCeOKl2lIGR+yPnQMxiwC7efT88f02Dgh7SXKvBjp1P09kbNI61EUmM6I4UDP 1ybmf7VOhr0LPxdxmiHEfLaol0mKCZ1kQUOhgKMcGWBcCXMr5QOmGEeTWMWE4M5/eRFapzXX8O1ZtX5VxFEmh+SInBCXnJM6uSEN0iSc5OSZvJI368l6sd6tj1lrySpm9skfWZ8/6RiVbg==</latex it><latexit sha1_base64="7+03ztZbbHbL9jfzRwSN87oCt0s=">AAAB/nicbZBNS8NAEIY39avW r6h48rJYBE8lEUFBDwUvHivYWmhC2Wym7dLNB7sTsYSCf8WLB0W8+ju8+W/ctjlo6wsLD+/MMLNvkEqh0XG+rdLS8srqWnm9srG5tb1j7+61dJIpDk2eyES1A6ZBihiaKFBCO1XAokDCfTC8ntTvH0 BpkcR3OErBj1g/Fj3BGRqrax94TKYDRr1L6iE8Yh4lIYy7dtWpOVPRRXALqJJCja795YUJzyKIkUumdcd1UvRzplBwCeOKl2lIGR+yPnQMxiwC7efT88f02Dgh7SXKvBjp1P09kbNI61EUmM6I4UDP 1ybmf7VOhr0LPxdxmiHEfLaol0mKCZ1kQUOhgKMcGWBcCXMr5QOmGEeTWMWE4M5/eRFapzXX8O1ZtX5VxFEmh+SInBCXnJM6uSEN0iSc5OSZvJI368l6sd6tj1lrySpm9skfWZ8/6RiVbg==</latex it>
SA<latexit sha1_base64="K7G0cOgEYXTF1VRb+064Jch5iPA=">AAAB9XicbZC7SgNBFIbPxluMt6ilzW AQrMKuCFpYRGwsI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMor Huu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qj g1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx/+XZLM</latexit><latexit sha1_base64="K7G0cOgEYXTF1VRb+064Jch5iPA=">AAAB9XicbZC7SgNBFIbPxluMt6ilzW AQrMKuCFpYRGwsI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMor Huu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qj g1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx/+XZLM</latexit><latexit sha1_base64="K7G0cOgEYXTF1VRb+064Jch5iPA=">AAAB9XicbZC7SgNBFIbPxluMt6ilzW AQrMKuCFpYRGwsI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMor Huu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qj g1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx/+XZLM</latexit><latexit sha1_base64="K7G0cOgEYXTF1VRb+064Jch5iPA=">AAAB9XicbZC7SgNBFIbPxluMt6ilzW AQrMKuCFpYRGwsI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMor Huu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qj g1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx/+XZLM</latexit>
SB<latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQr MKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0 PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZ ShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit><latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQr MKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0 PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZ ShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit><latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQr MKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0 PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZ ShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit><latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQr MKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0 PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZ ShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit>
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<latexit sha1_base64="9cjPvnhx4E7GooTvzvk37SFOtNs=">AAAB+HicbZDLSsNAFIYnXmu9NOrSzWARXJ VEBF1JwY3LCvYCTQgn00k7dCYTZiZCDX0SNy4UceujuPNtnLZZaOsPAx//OYdz5o8zzrTxvG9nbX1jc2u7slPd3ds/qLmHRx0tc0Vom0guVS8GTTlLadsww2kvUxREzGk3Ht/O6t1HqjST6YOZZDQUMExZwggYa0VuLZCCDiEq AuDZCKaRW/ca3lx4FfwS6qhUK3K/goEkuaCpIRy07vteZsIClGGE02k1yDXNgIxhSPsWUxBUh8X88Ck+s84AJ1LZlxo8d39PFCC0nojYdgowI71cm5n/1fq5Sa7DgqVZbmhKFouSnGMj8SwFPGCKEsMnFoAoZm/FZAQKiLFZVW 0I/vKXV6Fz0fAt31/WmzdlHBV0gk7ROfLRFWqiO9RCbURQjp7RK3pznpwX5935WLSuOeXMMfoj5/MHHFaTWw==</latexit><latexit sha1_base64="9cjPvnhx4E7GooTvzvk37SFOtNs=">AAAB+HicbZDLSsNAFIYnXmu9NOrSzWARXJ VEBF1JwY3LCvYCTQgn00k7dCYTZiZCDX0SNy4UceujuPNtnLZZaOsPAx//OYdz5o8zzrTxvG9nbX1jc2u7slPd3ds/qLmHRx0tc0Vom0guVS8GTTlLadsww2kvUxREzGk3Ht/O6t1HqjST6YOZZDQUMExZwggYa0VuLZCCDiEq AuDZCKaRW/ca3lx4FfwS6qhUK3K/goEkuaCpIRy07vteZsIClGGE02k1yDXNgIxhSPsWUxBUh8X88Ck+s84AJ1LZlxo8d39PFCC0nojYdgowI71cm5n/1fq5Sa7DgqVZbmhKFouSnGMj8SwFPGCKEsMnFoAoZm/FZAQKiLFZVW 0I/vKXV6Fz0fAt31/WmzdlHBV0gk7ROfLRFWqiO9RCbURQjp7RK3pznpwX5935WLSuOeXMMfoj5/MHHFaTWw==</latexit><latexit sha1_base64="9cjPvnhx4E7GooTvzvk37SFOtNs=">AAAB+HicbZDLSsNAFIYnXmu9NOrSzWARXJ VEBF1JwY3LCvYCTQgn00k7dCYTZiZCDX0SNy4UceujuPNtnLZZaOsPAx//OYdz5o8zzrTxvG9nbX1jc2u7slPd3ds/qLmHRx0tc0Vom0guVS8GTTlLadsww2kvUxREzGk3Ht/O6t1HqjST6YOZZDQUMExZwggYa0VuLZCCDiEq AuDZCKaRW/ca3lx4FfwS6qhUK3K/goEkuaCpIRy07vteZsIClGGE02k1yDXNgIxhSPsWUxBUh8X88Ck+s84AJ1LZlxo8d39PFCC0nojYdgowI71cm5n/1fq5Sa7DgqVZbmhKFouSnGMj8SwFPGCKEsMnFoAoZm/FZAQKiLFZVW 0I/vKXV6Fz0fAt31/WmzdlHBV0gk7ROfLRFWqiO9RCbURQjp7RK3pznpwX5935WLSuOeXMMfoj5/MHHFaTWw==</latexit><latexit sha1_base64="9cjPvnhx4E7GooTvzvk37SFOtNs=">AAAB+HicbZDLSsNAFIYnXmu9NOrSzWARXJ VEBF1JwY3LCvYCTQgn00k7dCYTZiZCDX0SNy4UceujuPNtnLZZaOsPAx//OYdz5o8zzrTxvG9nbX1jc2u7slPd3ds/qLmHRx0tc0Vom0guVS8GTTlLadsww2kvUxREzGk3Ht/O6t1HqjST6YOZZDQUMExZwggYa0VuLZCCDiEq AuDZCKaRW/ca3lx4FfwS6qhUK3K/goEkuaCpIRy07vteZsIClGGE02k1yDXNgIxhSPsWUxBUh8X88Ck+s84AJ1LZlxo8d39PFCC0nojYdgowI71cm5n/1fq5Sa7DgqVZbmhKFouSnGMj8SwFPGCKEsMnFoAoZm/FZAQKiLFZVW 0I/vKXV6Fz0fAt31/WmzdlHBV0gk7ROfLRFWqiO9RCbURQjp7RK3pznpwX5935WLSuOeXMMfoj5/MHHFaTWw==</latexit>
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<latexit sha1_base64="qms+d8g/FFuypYJS/7C8KOd2F7k=">AAAB83icbZDLSgMxFIbP1Futt6pLN8E iuLBlRgRdScGNywr2Ap2hZNJMG5pkhlyEUvoablwo4taXcefbmLaz0NYfAh//OYdz8scZZ9r4/rdXWFvf2Nwqbpd2dvf2D8qHRy2dWkVok6Q8VZ0Ya8qZpE3DDKedTFEsYk7b8ehuVm8/UaVZKh/NOKORwAPJEkawcVZY DYcxVheoGgrbK1f8mj8XWoUghwrkavTKX2E/JVZQaQjHWncDPzPRBCvDCKfTUmg1zTAZ4QHtOpRYUB1N5jdP0Zlz+ihJlXvSoLn7e2KChdZjEbtOgc1QL9dm5n+1rjXJTTRhMrOGSrJYlFiOTIpmAaA+U5QYPnaAiWLuV kSGWGFiXEwlF0Kw/OVVaF3WAscPV5X6bR5HEU7gFM4hgGuowz00oAkEMniGV3jzrPfivXsfi9aCl88cwx95nz+1WJDL</latexit><latexit sha1_base64="qms+d8g/FFuypYJS/7C8KOd2F7k=">AAAB83icbZDLSgMxFIbP1Futt6pLN8E iuLBlRgRdScGNywr2Ap2hZNJMG5pkhlyEUvoablwo4taXcefbmLaz0NYfAh//OYdz8scZZ9r4/rdXWFvf2Nwqbpd2dvf2D8qHRy2dWkVok6Q8VZ0Ya8qZpE3DDKedTFEsYk7b8ehuVm8/UaVZKh/NOKORwAPJEkawcVZY DYcxVheoGgrbK1f8mj8XWoUghwrkavTKX2E/JVZQaQjHWncDPzPRBCvDCKfTUmg1zTAZ4QHtOpRYUB1N5jdP0Zlz+ihJlXvSoLn7e2KChdZjEbtOgc1QL9dm5n+1rjXJTTRhMrOGSrJYlFiOTIpmAaA+U5QYPnaAiWLuV kSGWGFiXEwlF0Kw/OVVaF3WAscPV5X6bR5HEU7gFM4hgGuowz00oAkEMniGV3jzrPfivXsfi9aCl88cwx95nz+1WJDL</latexit><latexit sha1_base64="qms+d8g/FFuypYJS/7C8KOd2F7k=">AAAB83icbZDLSgMxFIbP1Futt6pLN8E iuLBlRgRdScGNywr2Ap2hZNJMG5pkhlyEUvoablwo4taXcefbmLaz0NYfAh//OYdz8scZZ9r4/rdXWFvf2Nwqbpd2dvf2D8qHRy2dWkVok6Q8VZ0Ya8qZpE3DDKedTFEsYk7b8ehuVm8/UaVZKh/NOKORwAPJEkawcVZY DYcxVheoGgrbK1f8mj8XWoUghwrkavTKX2E/JVZQaQjHWncDPzPRBCvDCKfTUmg1zTAZ4QHtOpRYUB1N5jdP0Zlz+ihJlXvSoLn7e2KChdZjEbtOgc1QL9dm5n+1rjXJTTRhMrOGSrJYlFiOTIpmAaA+U5QYPnaAiWLuV kSGWGFiXEwlF0Kw/OVVaF3WAscPV5X6bR5HEU7gFM4hgGuowz00oAkEMniGV3jzrPfivXsfi9aCl88cwx95nz+1WJDL</latexit><latexit sha1_base64="qms+d8g/FFuypYJS/7C8KOd2F7k=">AAAB83icbZDLSgMxFIbP1Futt6pLN8E iuLBlRgRdScGNywr2Ap2hZNJMG5pkhlyEUvoablwo4taXcefbmLaz0NYfAh//OYdz8scZZ9r4/rdXWFvf2Nwqbpd2dvf2D8qHRy2dWkVok6Q8VZ0Ya8qZpE3DDKedTFEsYk7b8ehuVm8/UaVZKh/NOKORwAPJEkawcVZY DYcxVheoGgrbK1f8mj8XWoUghwrkavTKX2E/JVZQaQjHWncDPzPRBCvDCKfTUmg1zTAZ4QHtOpRYUB1N5jdP0Zlz+ihJlXvSoLn7e2KChdZjEbtOgc1QL9dm5n+1rjXJTTRhMrOGSrJYlFiOTIpmAaA+U5QYPnaAiWLuV kSGWGFiXEwlF0Kw/OVVaF3WAscPV5X6bR5HEU7gFM4hgGuowz00oAkEMniGV3jzrPfivXsfi9aCl88cwx95nz+1WJDL</latexit>
e 
<latexit sha1_base64="c0jozl7BdwUFWDC+p9rJfMWhT2M=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHqSg hePFUxbaGPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7a+sPDwzgw784ap4Nq47rezsrq2vrFZ2ipv7+zu7VcODps6yRRDnyUiUe2QahRcom+4EdhOFdI4FNgKR7fTeusJleaJfDDjFIOYDiSPOKPGWj4+5ueTXqXq1tyZyDJ4BVShUKNX+er2E 5bFKA0TVOuO56YmyKkynAmclLuZxpSyER1gx6KkMeogny07IafW6ZMoUfZJQ2bu74mcxlqP49B2xtQM9WJtav5X62Qmug5yLtPMoGTzj6JMEJOQ6eWkzxUyI8YWKFPc7krYkCrKjM2nbEPwFk9ehuZFzbN8f1mt3xRxlOAYTuAMPLiCOtxBA3xgw OEZXuHNkc6L8+58zFtXnGLmCP7I+fwBqmGOkA==</latexit><latexit sha1_base64="c0jozl7BdwUFWDC+p9rJfMWhT2M=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHqSg hePFUxbaGPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7a+sPDwzgw784ap4Nq47rezsrq2vrFZ2ipv7+zu7VcODps6yRRDnyUiUe2QahRcom+4EdhOFdI4FNgKR7fTeusJleaJfDDjFIOYDiSPOKPGWj4+5ueTXqXq1tyZyDJ4BVShUKNX+er2E 5bFKA0TVOuO56YmyKkynAmclLuZxpSyER1gx6KkMeogny07IafW6ZMoUfZJQ2bu74mcxlqP49B2xtQM9WJtav5X62Qmug5yLtPMoGTzj6JMEJOQ6eWkzxUyI8YWKFPc7krYkCrKjM2nbEPwFk9ehuZFzbN8f1mt3xRxlOAYTuAMPLiCOtxBA3xgw OEZXuHNkc6L8+58zFtXnGLmCP7I+fwBqmGOkA==</latexit><latexit sha1_base64="c0jozl7BdwUFWDC+p9rJfMWhT2M=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHqSg hePFUxbaGPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7a+sPDwzgw784ap4Nq47rezsrq2vrFZ2ipv7+zu7VcODps6yRRDnyUiUe2QahRcom+4EdhOFdI4FNgKR7fTeusJleaJfDDjFIOYDiSPOKPGWj4+5ueTXqXq1tyZyDJ4BVShUKNX+er2E 5bFKA0TVOuO56YmyKkynAmclLuZxpSyER1gx6KkMeogny07IafW6ZMoUfZJQ2bu74mcxlqP49B2xtQM9WJtav5X62Qmug5yLtPMoGTzj6JMEJOQ6eWkzxUyI8YWKFPc7krYkCrKjM2nbEPwFk9ehuZFzbN8f1mt3xRxlOAYTuAMPLiCOtxBA3xgw OEZXuHNkc6L8+58zFtXnGLmCP7I+fwBqmGOkA==</latexit><latexit sha1_base64="c0jozl7BdwUFWDC+p9rJfMWhT2M=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHqSg hePFUxbaGPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7a+sPDwzgw784ap4Nq47rezsrq2vrFZ2ipv7+zu7VcODps6yRRDnyUiUe2QahRcom+4EdhOFdI4FNgKR7fTeusJleaJfDDjFIOYDiSPOKPGWj4+5ueTXqXq1tyZyDJ4BVShUKNX+er2E 5bFKA0TVOuO56YmyKkynAmclLuZxpSyER1gx6KkMeogny07IafW6ZMoUfZJQ2bu74mcxlqP49B2xtQM9WJtav5X62Qmug5yLtPMoGTzj6JMEJOQ6eWkzxUyI8YWKFPc7krYkCrKjM2nbEPwFk9ehuZFzbN8f1mt3xRxlOAYTuAMPLiCOtxBA3xgw OEZXuHNkc6L8+58zFtXnGLmCP7I+fwBqmGOkA==</latexit> e+
<latexit sha1_base64="FNpml0Tp0uzETAz72mNE/PvfEB8=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIglASEfQkBS8eK5i20May2U7apZtN2N0IJfQ3ePGgiFd/kDf/jds2B219YeHhnRl25g1TwbVx3W9nZXVtfWOztFXe3tnd268cHDZ1k imGPktEotoh1Si4RN9wI7CdKqRxKLAVjm6n9dYTKs0T+WDGKQYxHUgecUaNtXx8zM8nvUrVrbkzkWXwCqhCoUav8tXtJyyLURomqNYdz01NkFNlOBM4KXczjSllIzrAjkVJY9RBPlt2Qk6t0ydRouyThszc3xM5jbUex6HtjKkZ6sXa1Pyv1slMdB3kXKaZQcnmH0WZICYh08tJnytkRowtUKa43ZWwIVWUGZtP2YbgLZ68DM2Lmmf5/rJavyniKMExnMAZeHAFdbiDBvjAgMMzvMKbI50X5935mLeuOMXMEfyR8/kDp1eOjg==</latexit><latexit sha1_base64="FNpml0Tp0uzETAz72mNE/PvfEB8=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIglASEfQkBS8eK5i20May2U7apZtN2N0IJfQ3ePGgiFd/kDf/jds2B219YeHhnRl25g1TwbVx3W9nZXVtfWOztFXe3tnd268cHDZ1k imGPktEotoh1Si4RN9wI7CdKqRxKLAVjm6n9dYTKs0T+WDGKQYxHUgecUaNtXx8zM8nvUrVrbkzkWXwCqhCoUav8tXtJyyLURomqNYdz01NkFNlOBM4KXczjSllIzrAjkVJY9RBPlt2Qk6t0ydRouyThszc3xM5jbUex6HtjKkZ6sXa1Pyv1slMdB3kXKaZQcnmH0WZICYh08tJnytkRowtUKa43ZWwIVWUGZtP2YbgLZ68DM2Lmmf5/rJavyniKMExnMAZeHAFdbiDBvjAgMMzvMKbI50X5935mLeuOMXMEfyR8/kDp1eOjg==</latexit><latexit sha1_base64="FNpml0Tp0uzETAz72mNE/PvfEB8=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIglASEfQkBS8eK5i20May2U7apZtN2N0IJfQ3ePGgiFd/kDf/jds2B219YeHhnRl25g1TwbVx3W9nZXVtfWOztFXe3tnd268cHDZ1k imGPktEotoh1Si4RN9wI7CdKqRxKLAVjm6n9dYTKs0T+WDGKQYxHUgecUaNtXx8zM8nvUrVrbkzkWXwCqhCoUav8tXtJyyLURomqNYdz01NkFNlOBM4KXczjSllIzrAjkVJY9RBPlt2Qk6t0ydRouyThszc3xM5jbUex6HtjKkZ6sXa1Pyv1slMdB3kXKaZQcnmH0WZICYh08tJnytkRowtUKa43ZWwIVWUGZtP2YbgLZ68DM2Lmmf5/rJavyniKMExnMAZeHAFdbiDBvjAgMMzvMKbI50X5935mLeuOMXMEfyR8/kDp1eOjg==</latexit><latexit sha1_base64="FNpml0Tp0uzETAz72mNE/PvfEB8=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIglASEfQkBS8eK5i20May2U7apZtN2N0IJfQ3ePGgiFd/kDf/jds2B219YeHhnRl25g1TwbVx3W9nZXVtfWOztFXe3tnd268cHDZ1k imGPktEotoh1Si4RN9wI7CdKqRxKLAVjm6n9dYTKs0T+WDGKQYxHUgecUaNtXx8zM8nvUrVrbkzkWXwCqhCoUav8tXtJyyLURomqNYdz01NkFNlOBM4KXczjSllIzrAjkVJY9RBPlt2Qk6t0ydRouyThszc3xM5jbUex6HtjKkZ6sXa1Pyv1slMdB3kXKaZQcnmH0WZICYh08tJnytkRowtUKa43ZWwIVWUGZtP2YbgLZ68DM2Lmmf5/rJavyniKMExnMAZeHAFdbiDBvjAgMMzvMKbI50X5935mLeuOMXMEfyR8/kDp1eOjg==</latexit>
µ
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FIG. 1. U(1)-symmetric antiferromagnetic insulator. The bi-
partite antiferromagnet is composed of two sublattices A and
B, with, respectively, spin SA ‖ zˆ and SB ‖ −zˆ. The cor-
responding Hamiltonian can be diagonalized in terms of two
magnon eigenmodes, labelled as α and β. The antiferromag-
netic mode α (β), which carries ∓~ spin angular momentum,
can be visualized as a combination of both up and down spins,
precessing counterclockwise (clockwise) at the frequency ωα
(ωβ). The two antiferromagnetic modes are associated with
an equal and opposite chemical potential µ, in analogy with
the particle-antiparticle pair illustrated on the left side.
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2romagnetic magnon modes mimics the one of a particle-
antiparticle couple, i.e., they can be described by an equal
and opposite chemical potential, as depicted in Fig. 1. In
Sec. III, we derive a formalism describing the interplay
between coherent and incoherent antiferromagnetic spin
dynamics. In analogy with the ferromagnetic case [7],
we find that the thermomagnonic torques exerted by the
thermal magnon cloud and the back-action of the order
parameter resemble the well-known mechanisms of spin
transfer [15] and spin pumping torques [16], respectively.
Semiclassically, the dynamics of the two magnon eigen-
modes can be described by two order parameters pre-
cessing with opposite handedness. A circularly-polarized
AC magnetic field can resonantly drive the magnon mode
that precess with the same handedness, and, thus, control
the magnon chemical potential via spin pumping of the
coherent spin dynamics into the thermal magnon cloud.
Based on these findings, we propose a scheme for testing
our predictions via NV-center relaxometry in Sec. IV.
Finally, in Sec. V we present our conclusions and an out-
look.
II. STATISTICS AND MODEL
In this section, we address the statistics of a two-
component U (1)-symmetric Bose gas. As a concrete ap-
plication of our result, we consider a model Hamiltonian
for a bipartite antiferromagnet with uniaxial anisotropy
and we derive the distribution functions of the two
magnon eigenmodes. Finally, we introduce the Landau-
Lifshitz-Gilbert equations corresponding to our Hamilto-
nian model and discuss the effect of circularly-polarized
AC magnetic fields with opposite handedness on the long-
wavelength antiferromagnetic magnetization dynamics.
A. Statistics of a two-component U (1)-symmetric
Bose gas
Throughout this work, we focus on a U(1)-symmetric
antiferromagnetic insulating system. At temperature
T  TN , with TN being the Ne´el temperature, the cor-
responding Hamiltonian can be diagonalized in terms
of two magnon modes, carrying opposite spin angular
momentum. Here, we address the statistics of the two
magnon modes in the limit of weak non-spin-conserving
phonon-magnon scattering processes. Within this as-
sumption, we can treat the energy, U , and the z-
component of the total spin, Sz, of the magnetic system
as conserved. The total number of available microstates
in the bosonic subsystems, labelled as 1 and 2, respec-
tively, can be written as
Ω1(2) =
∏
n
(nn + gn)!
nn!(gn − 1)! , (1)
with nn being the particle number in the energy level n
with degeneracy gn  1. The number of microstates of
the whole system, i.e., Ω = Ω1Ω2, has to be maximized
subject to the following constraints
~
∑
i
nisi + ~
∑
j
njsj = Sz ,∑
i
nii +
∑
j
njj = U , (2)
where si(j) = ±1 is the spin angular momentum (in units
of ~) carried by the magnons in the subsystem 1(2). For
ni(j)  1, we obtain, after averaging over the gi(j) levels
in each clump,
ni(j) =
1
eβi(j)−λsi(j) − 1 , (3)
where λ is a Lagrange multiplier and β = 1/(kBT ), with
kB being the Boltzmann constant. The entropy variation
of the subsystem 1(2) can be derived as
dS1(2) = kB
∑
i(j)
ln
gi(j) + ni(j)
ni(j)
dni(j) ,
= −kBλs1(2) dN1(2) + dU1(2) − dG1(2) , (4)
where N1(2) =
∑
i(j) ni(j) and G1(2) =
∑
i(j) i(j) are,
respectively, the total number of magnons and the Gibbs
free energy of the subsystem 1(2). Using Eq. (4), we
can identify µ1(2) = λs1(2)kBT . Thus, we can assign
the chemical potential µ1(2) = ±µ to the magnon mode
carrying spin angular momentum ±~. By rewriting the
entropy variation of the whole system, dS, we can identify
the chemical potential µ as the energy cost associated
with an imbalance between the population of the two
magnon species, i.e.,
µ =
[
∂U
∂(N1 −N2)
]
S,V
, (5)
with V being the system volume.
B. Hamiltonian model
For an explicit model of a U(1)-symmetric antifer-
romagnetic system, we consider a bipartite antiferro-
magnetic insulator with spins Si = S(ri) localized on
lattice sites ri. The magnetic Hamiltonian consists of
exchange (Heisenberg) interactions, uniaxial anisotropy
and a Zeeman interaction due to an external magnetic
field H = Hz. It reads as [17]
H = 2J
∑
i 6=j
Si · Sj −K
∑
i
(Szi )
2 −
∑
i
Si ·H , (6)
where J and K > 0 parametrize, respectively, the ex-
change interaction and anisotropy strength.
3Denoting the spins of the up and down sublattices
by subscripts A and B, we can introduce the Holstein-
Primakoff transformation in the linear approximation as
S+Ai = (2S)
1/2ai, S
−
Ai = (2S)
1/2a†i , S
z
Ai = S − a†iai ,
S+Bi = (2S)
1/2b†i , S
−
Bi = (2S)
1/2bi, S
z
Bi = −S − b†i bi ,
(7)
where ai(a
†
i ) and bi(b
†
i ) annihilate (create) a magnon at
the lattice site ri and obey bosonic commutation rela-
tions. Making use of the Fourier transformation
ai = N
−1/2∑
k
eik·riak, bi = N−1/2
∑
k
eik·ribk , (8)
and retaining only quadratic terms in the bosonic oper-
ators, the resulting Hamiltonian can be diagonalized by
the following Bogoliubov transformation
ak =ukαk − vkβ†−k , a†k = ukα†k − vkβ−k ,
bk =ukβk − vkα†−k , b†k = ukβ†k − vkα−k , (9)
with parameters
uk =
(
ωZB + ωk
2ωk
) 1
2
, vk =
(
ωZB − ωk
2ωk
) 1
2
, (10)
where ωZB = HE + HA, with HE = 2Jz/γ~ and
HA = (2S − 1)K/γ~ being, respectively, the exchange
and anisotropy fields, and
ωk = γ
[
∆2 +H2E(1− γ2k)
] 1
2 , ∆ = [HA(2HE +HA)]
1
2 .
(11)
Here, we have introduced γk = (1/z)
∑
δ e
ik·δ, where z
is the number of the nearest neighbors spins and δ is
the vector connecting them. In terms of the Bogoliubov
quasi-particles (9), the Hamiltonian (6) simplifies to
H =
∑
k
~(ωk,αα†kαk + ωk,ββ
†
kβk) , (12)
with ωk,α(β) = ωk±γH is the dispersion of the α (β) Bo-
goliubov quasi-particles. By rewriting the z-component
of the spin angular momentum Sz =
∑
i (S
z
iA + S
z
iB) in
terms of the Bogoliubov quasi-particles (9) as
Sz =
∑
k
~
(
−α†kαk + β†kβk
)
, (13)
we can identify the bosonic operator α†(β†) as the one
creating a magnon with spin angular momentum ∓~.
Based on our result (5), the Bose-Einstein distribution
function of the α (β) antiferromagnetic mode can writ-
ten as
〈α†kαk〉 = nBE
(
~ωk,α + µ
kBT
)
=
1
eβ(~ωk,α+µ) − 1 ,
〈β†kβk〉 = nBE
(
~ωk,β − µ
kBT
)
=
1
eβ(~ωk,β−µ) − 1 , (14)
〈...〉 stands for the equilibrium (thermal) average. Equa-
tion (14), which constitutes a central result of this work,
is valid whereas the exchange coupling ∝ J that drives
the thermalization of the magnon gas is much stronger
than the non-spin-conserving interactions.
Previous work has addressed the statistics of the eigen-
modes of the Hamiltonian (6), heuristically assigning two
distinct chemical potentials to them [18]. The latter as-
sumption implies that the interactions thermalizing each
mode separately are much stronger than the ones driv-
ing the whole system to thermal equilibrium. However,
Eqs. (6) and (9) show that the magnon-magnon scatter-
ing processes driving the thermalization of each magnon
species and of the whole system are both rooted in the ex-
change coupling. Moreover, U(1) symmetry implies the
conservation of the z-component, Sz, of the total spin. As
shown by Eq. (13), this corresponds to the conservation
of the population imbalance between the two magnon
species, which is associated to a single chemical poten-
tial.
C. Antiferromagnetic resonance
In the long wavelength and low temperature limit, i.e.,
the continuum limit, the fields that describe the collec-
tive magnetic dynamics of the Hamiltonian (6) are the
spin densities associated with the two sublattices, i.e.,
sA,B(r, t) = snA,B(r, t), where s = S/V is the satura-
tion spin density and nA(B)(r, t) a directional unit vector.
Throughout this section, we focus explicitly on the spin
dynamics associated with the lowest-energy mode, i.e.,
k = 0. The corresponding phenomenological Landau-
Lifshitz equations read as [19]
dnA(B)
dt
=− γnA(B) ×
[
H±HA −HEn(B)A
]
, (15)
with HA = HAzˆ. In linear response, we can decompose
each sublattice order parameter into an equilibrium and
oscillating part, i.e., nA(B) = ±zˆ+ eiωtn⊥,A(B). We can
rewrite Eq. (15) in terms of its eigenvectors nα,β as
dnα(β)
dt
= −γnα(β) ×Hα(β) , (16)
where γHα(β) = ±zˆωα(β), with ωα(β) ≡ ωk=0,α(β). From
Eq. (16), one can see that the order parameter nα(β)
precesses counterclockwise (clockwise) around the zˆ axis
with frequency ωα(β). We account for dissipation mecha-
nisms by introducing the dimensionless Gilbert damping
parameters αα,β  1. Including an AC magnetic field
h(t) transverse to the equilibrium orientation of the spin
densities, Eq. (16) becomes
dnα(β)
dt
=− γnα(β) ×
[
Hα(β) + h(t)
]
− αα(β)nα(β) ×
dnα(β)
dt
. (17)
4We introduce a right(left)-hand (±) circularly-polarized
AC magnetic field as
h±(t) = h(cosωt,± sinωt) , (18)
where h is the field amplitude, with γh  ωα(β). Plug-
ging Eq. (18) into Eq. (17) and using the method of the
complex amplitudes [20], we find that the right(left)-hand
circularly polarized field h±(t) can excite resonantly the
order parameter nα(β)(t), i.e.,
nα(β)x(t) =
(ωα(β) − ω) cosωt− αα(β)ω sinωt
(ωα(β) − ω)2 + (αα(β)ω)2 γh ,
nα(β)y(t) =
(ωα(β) − ω) sinωt± αα(β)ω cosωt
(ω − ωα(β))2 + (αα(β)ω)2 γh , (19)
while driving the dynamics of the order parameter
nα(β)(t) with a left(right)-hand circularly polarized field
h±(t) leads to a non-resonant dynamics, i.e.,
nα(β)x(t) =
(ωα(β) + ω) cosωt− αα(β)ω sinωt
(ωα(β) + ω)2 + (αα(β)ω)2
γh ,
nα(β)y(t) =
∓(ωα(β) + ω) sinωt∓ αα(β)ω cosωt
(ω + ωα(β))2 + (αα(β)ω)2
γh .
(20)
III. THERMOMAGNONIC TORQUES
In this section, we construct a general phenomenology
describing the interplay between the coherent and inco-
herent spin dynamics in a bipartite axially-symmetric an-
tiferromagnet. At zero temperature, the total spin den-
sity is given by s = s(nα + nβ). Thermal fluctuations
engender a finite thermal magnon density of both anti-
ferromagnetic modes, i.e., n˜α and n˜β , which carry, re-
spectively, −~ and +~ angular momentum. Thus, the
effective spin density at finite temperatures can be writ-
ten as s˜ = s˜αnα + s˜βnβ , with s˜α(β) = s− n˜α(β).
If the coherent texture is smooth on the scale of the
thermal magnon wavelength, the hydrodynamic variables
that describe the system are the order parameters nα,β
and the imbalance between the thermal-magnon densi-
ties, i.e., n˜ = n˜β − n˜α. Hence, the free energy of the
antiferromagnet can be written as F ≡ F [nα,nβ , n˜].
We can identify the effective transverse field (at finite
wave vector) Hα(β) ≡ δnα(β)F [nα,nβ , n˜] and the magnon
chemical potential µ ≡ δn˜F [nα,nβ , n˜] as the thermo-
dynamics forces conjugate to the order parameters nα,β
and the thermal magnon imbalance n˜, respectively. The
phenomenological equations of motion can be written in
terms of a 5× 5 linear-response matrix L as
n˙αn˙β
n˜
 =
Lαα Lαβ Lαn˜Lβα Lββ Lβn˜
Ln˜α Ln˜β Ln˜n˜
HαHβ
µ
 , (21)
where Lα(β)n˜ is a 2×2 matrix that describes the torques
exerted by the thermal magnon imbalance on the coher-
ent order parameter nα(β). The reciprocal counterpart
Ln˜α(β) accounts for the spin pumping by the order pa-
rameter nα,β into the thermal magnon cloud. Following
the approach of Ref. [7], we determine the explicit form of
these matrices invoking Onsager reciprocity, which dic-
tates
[Lα(β)n˜(nα(β))]ij = [Ln˜α(β)(−nα(β))]ji , (22)
and the Neumann principle, which requires the equations
of motion to be invariant for a rotation of the magnetic
variables around the zˆ axis. Furthermore, U(1) symme-
try implies the conservation of the z-component of the
spin density, i.e.,
s˜αn˙α,z + s˜βn˙β,z + ˙˜n = 0 . (23)
Focusing only on the spin transfer and pumping processes
between the incoherent and coherent spin dynamics, we
can rewrite
~n˙α =− ηαnα × (~n˙α − µz× nα) , (24)
~n˙β =− ηβnβ × (~n˙β − µz× nβ) , (25)
˙˜n =− ηαs˜αz · nα × (n˙α − µ~nα × z)
− ηβ s˜βz · nβ × (n˙β − µ~nβ × z) . (26)
Here, ηα(β)  1 is a phenomenological (dimensionless)
coefficient parametrizing the strength of interactions be-
tween the order parameter nα(β) and the thermal magnon
cloud. The Onsager reciprocal relations between the
components of the transverse magnetization dynamics,
i.e.,[
Lnα(β)nα(β)(nα(β))
]
ij
=
[
Lnα(β)nα(β)(nα(β))
]
ji
, (27)
constrain the parameter ηα(β) to be an even function of
nα(β),z.
IV. LOCAL MEASUREMENT OF THE
CHEMICAL POTENTIAL
In this section, we unveil the relation between the re-
laxation rate of a NV center set nearby a U(1)-symmetric
bipartite antiferromagnet and the chemical potential of
the antiferromagnetic system. Then, making use of the
results derived in Secs. II C and Sec. III, we show that the
chemical potential can be controlled by means of a AC
field driving resonantly one of the two antiferromagnetic
modes.
A. NV-center relaxometry of an antiferromagnet
In the setup we envision, illustrated in Fig. (2), the NV
center lies at a height d above the antiferromagnetic sam-
ple and it is oriented along its own anisotropy axis l, with
5l · z = cos θ. The NV center can be modelled as a single-
spin system with spin |SNV| = 1 (hence, with secondary
spin quantum number ms = 0,±1) [8]. The latter cou-
ples, via Zeeman interaction, to the magnetostatic field
generated by the fluctuations of the antiferromagnetic
spin density s(r), which can be written as
B(rNV) = γNV
∫
d2r D(r, rNV)s(r) , (28)
where γNV and rNV = (0, 0, d) are, respectively, the gyro-
magnetic ratio and the position of the NV center, while
D is the tensorial magnetostatic Green’s function [21].
Up to leading order in perturbation theory, the cou-
pling between the NV-center spin and the magnetostatic
field (28) gives rise to the transitions ms = 0↔ ±1 at the
frequencies ω± = ∆NV±γH cos θ, where ∆NV is the NV-
center zero-field splitting. The corresponding relaxation
rate is given by [22]
Γ(ω±) =f(θ)
∫ ∞
0
dk k3e−2kd
[
4Czz(k, ω±)
+C−+(k, ω±) + C+−(k, ω±)
]
, (29)
with f(θ) = (γγ˜)2(5 − cos 2θ)/64pi. Here, Cmn(k, ω±) is
the real part of the Fourier transform of the spin-spin
correlator
Cmn(ri, rj ; t) = 〈{sm(ri, t), sn(rj , 0)}〉 . (30)
For m,n = ±(z), the spin-spin correlator (30) describes
magnetic noise transverse (longitudinal) to the magnetic
symmetry axis zˆ. From Eqs. (7) and (9), one can see
that the transverse (longitudinal) spin-spin correlators
account for one (two)-magnon processes, i.e., C+−(k) ∝
α†k, β
†
k (Czz(k) ∝ α†kαk, β†kβk). We set the NV frequency
in the region corresponding to a non-vanishing spectral
density of at least one antiferromagnetic mode, i.e., ω± ≥
∆− γH. The contribution of one-magnon excitations to
the relaxation rate dominates and we can neglect, in first
instance, multi-magnon processes [6,22]. In this limit,
Eq. (29) becomes
Γ(ω±) = 4sf(θ)
∫ ∞
0
dk k3e−2kd(uk − vk)2
×
[
nBE
(
~ωk,α − µ
kBT
)
+
1
2
]
δ(ωk,α − ω±)
+ 4sf(θ)
∫ ∞
0
dk k3e−2kd(uk − vk)2
×
[
nBE
(
~ωk,β + µ
kBT
)
+
1
2
]
δ(ωk,β − ω±) . (31)
Equation (31) shows that, when the resonance frequency
of the NV center equals the dispersion of one antiferro-
magnetic mode, the NV-center relaxation rate is directly
proportional to the distribution function of the latter,
and, thus, provides a measurement of the chemical po-
tential.
    H
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<latexit sha1_base64="vbf6DDp8kmcuWwd4m/Xh97e6568=">AAAB7HicbZDNSgMxFIVv6l+tf1WXboJFcFVm RNCFSMGNywpOW2iHkkkzbWiSGZKMUIY+gxsXirj1gdz5NqbtLLT1QODj3HvJvSdKBTfW875RaW19Y3OrvF3Z2d3bP6geHrVMkmnKApqIRHciYpjgigWWW8E6qWZERoK1o/HdrN5+YtrwRD3aScpCSYaKx5wS66ygJ7Nbr1+teXVvLrwK fgE1KNTsV796g4RmkilLBTGm63upDXOiLaeCTSu9zLCU0DEZsq5DRSQzYT5fdorPnDPAcaLdUxbP3d8TOZHGTGTkOiWxI7Ncm5n/1bqZja/DnKs0s0zRxUdxJrBN8OxyPOCaUSsmDgjV3O2K6YhoQq3Lp+JC8JdPXoXWRd13/HBZa9wU cZThBE7hHHy4ggbcQxMCoMDhGV7hDSn0gt7Rx6K1hIqZY/gj9PkDTuWOUg==</latexit><latexit sha1_base64="vbf6DDp8kmcuWwd4m/Xh97e6568=">AAAB7HicbZDNSgMxFIVv6l+tf1WXboJFcFVm RNCFSMGNywpOW2iHkkkzbWiSGZKMUIY+gxsXirj1gdz5NqbtLLT1QODj3HvJvSdKBTfW875RaW19Y3OrvF3Z2d3bP6geHrVMkmnKApqIRHciYpjgigWWW8E6qWZERoK1o/HdrN5+YtrwRD3aScpCSYaKx5wS66ygJ7Nbr1+teXVvLrwK fgE1KNTsV796g4RmkilLBTGm63upDXOiLaeCTSu9zLCU0DEZsq5DRSQzYT5fdorPnDPAcaLdUxbP3d8TOZHGTGTkOiWxI7Ncm5n/1bqZja/DnKs0s0zRxUdxJrBN8OxyPOCaUSsmDgjV3O2K6YhoQq3Lp+JC8JdPXoXWRd13/HBZa9wU cZThBE7hHHy4ggbcQxMCoMDhGV7hDSn0gt7Rx6K1hIqZY/gj9PkDTuWOUg==</latexit><latexit sha1_base64="vbf6DDp8kmcuWwd4m/Xh97e6568=">AAAB7HicbZDNSgMxFIVv6l+tf1WXboJFcFVm RNCFSMGNywpOW2iHkkkzbWiSGZKMUIY+gxsXirj1gdz5NqbtLLT1QODj3HvJvSdKBTfW875RaW19Y3OrvF3Z2d3bP6geHrVMkmnKApqIRHciYpjgigWWW8E6qWZERoK1o/HdrN5+YtrwRD3aScpCSYaKx5wS66ygJ7Nbr1+teXVvLrwK fgE1KNTsV796g4RmkilLBTGm63upDXOiLaeCTSu9zLCU0DEZsq5DRSQzYT5fdorPnDPAcaLdUxbP3d8TOZHGTGTkOiWxI7Ncm5n/1bqZja/DnKs0s0zRxUdxJrBN8OxyPOCaUSsmDgjV3O2K6YhoQq3Lp+JC8JdPXoXWRd13/HBZa9wU cZThBE7hHHy4ggbcQxMCoMDhGV7hDSn0gt7Rx6K1hIqZY/gj9PkDTuWOUg==</latexit><latexit sha1_base64="vbf6DDp8kmcuWwd4m/Xh97e6568=">AAAB7HicbZDNSgMxFIVv6l+tf1WXboJFcFVm RNCFSMGNywpOW2iHkkkzbWiSGZKMUIY+gxsXirj1gdz5NqbtLLT1QODj3HvJvSdKBTfW875RaW19Y3OrvF3Z2d3bP6geHrVMkmnKApqIRHciYpjgigWWW8E6qWZERoK1o/HdrN5+YtrwRD3aScpCSYaKx5wS66ygJ7Nbr1+teXVvLrwK fgE1KNTsV796g4RmkilLBTGm63upDXOiLaeCTSu9zLCU0DEZsq5DRSQzYT5fdorPnDPAcaLdUxbP3d8TOZHGTGTkOiWxI7Ncm5n/1bqZja/DnKs0s0zRxUdxJrBN8OxyPOCaUSsmDgjV3O2K6YhoQq3Lp+JC8JdPXoXWRd13/HBZa9wU cZThBE7hHHy4ggbcQxMCoMDhGV7hDSn0gt7Rx6K1hIqZY/gj9PkDTuWOUg==</latexit>
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<latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoi gh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a 25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/X FXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit><latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoi gh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a 25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/X FXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit><latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoi gh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a 25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/X FXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit><latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoi gh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a 25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/X FXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit>
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<latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoi gh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a 25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/X FXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit><latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoi gh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a 25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/X FXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit><latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoi gh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a 25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/X FXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit><latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoi gh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a 25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/X FXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit>
 +  H
<latexit sha1_base64="ve1eFmzZ/IvXWKk9VgYwgX5exLQ=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgEQSgzIujCRUEXXVawF+gM5UyaaUOTzJBklFL7KG5cKOLWJ3Hn25i2s9DWHwIf/zmHc/JHKWfaeN63s7K6tr6xWdgqbu /s7u27pYOmTjJFaIMkPFHtCDTlTNKGYYbTdqooiIjTVjS8mdZbD1Rplsh7M0ppKKAvWcwIGGt13VJwS7kBfIaDPggBuNZ1y17Fmwkvg59DGeWqd92voJeQTFBpCAetO76XmnAMyjDC6aQYZJqmQIbQpx2LEgTV4Xh2+gSfWKeH40TZJw2eub8nxiC0HonIdgowA71Ym5r/1TqZia/CMZNpZqgk80VxxrFJ8DQH3GOKEsNHFoAoZm/FZAAKiLFpFW0I/uKXl6F5XvEt312Uq9d5HAV0hI7RKfLRJaqiGqqjBiLoET2jV/TmPDkvzrvzMW9dcfKZQ/RHzucPbQGSxw==</la texit><latexit sha1_base64="ve1eFmzZ/IvXWKk9VgYwgX5exLQ=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgEQSgzIujCRUEXXVawF+gM5UyaaUOTzJBklFL7KG5cKOLWJ3Hn25i2s9DWHwIf/zmHc/JHKWfaeN63s7K6tr6xWdgqbu /s7u27pYOmTjJFaIMkPFHtCDTlTNKGYYbTdqooiIjTVjS8mdZbD1Rplsh7M0ppKKAvWcwIGGt13VJwS7kBfIaDPggBuNZ1y17Fmwkvg59DGeWqd92voJeQTFBpCAetO76XmnAMyjDC6aQYZJqmQIbQpx2LEgTV4Xh2+gSfWKeH40TZJw2eub8nxiC0HonIdgowA71Ym5r/1TqZia/CMZNpZqgk80VxxrFJ8DQH3GOKEsNHFoAoZm/FZAAKiLFpFW0I/uKXl6F5XvEt312Uq9d5HAV0hI7RKfLRJaqiGqqjBiLoET2jV/TmPDkvzrvzMW9dcfKZQ/RHzucPbQGSxw==</la texit><latexit sha1_base64="ve1eFmzZ/IvXWKk9VgYwgX5exLQ=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgEQSgzIujCRUEXXVawF+gM5UyaaUOTzJBklFL7KG5cKOLWJ3Hn25i2s9DWHwIf/zmHc/JHKWfaeN63s7K6tr6xWdgqbu /s7u27pYOmTjJFaIMkPFHtCDTlTNKGYYbTdqooiIjTVjS8mdZbD1Rplsh7M0ppKKAvWcwIGGt13VJwS7kBfIaDPggBuNZ1y17Fmwkvg59DGeWqd92voJeQTFBpCAetO76XmnAMyjDC6aQYZJqmQIbQpx2LEgTV4Xh2+gSfWKeH40TZJw2eub8nxiC0HonIdgowA71Ym5r/1TqZia/CMZNpZqgk80VxxrFJ8DQH3GOKEsNHFoAoZm/FZAAKiLFpFW0I/uKXl6F5XvEt312Uq9d5HAV0hI7RKfLRJaqiGqqjBiLoET2jV/TmPDkvzrvzMW9dcfKZQ/RHzucPbQGSxw==</la texit><latexit sha1_base64="ve1eFmzZ/IvXWKk9VgYwgX5exLQ=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgEQSgzIujCRUEXXVawF+gM5UyaaUOTzJBklFL7KG5cKOLWJ3Hn25i2s9DWHwIf/zmHc/JHKWfaeN63s7K6tr6xWdgqbu /s7u27pYOmTjJFaIMkPFHtCDTlTNKGYYbTdqooiIjTVjS8mdZbD1Rplsh7M0ppKKAvWcwIGGt13VJwS7kBfIaDPggBuNZ1y17Fmwkvg59DGeWqd92voJeQTFBpCAetO76XmnAMyjDC6aQYZJqmQIbQpx2LEgTV4Xh2+gSfWKeH40TZJw2eub8nxiC0HonIdgowA71Ym5r/1TqZia/CMZNpZqgk80VxxrFJ8DQH3GOKEsNHFoAoZm/FZAAKiLFpFW0I/uKXl6F5XvEt312Uq9d5HAV0hI7RKfLRJaqiGqqjBiLoET2jV/TmPDkvzrvzMW9dcfKZQ/RHzucPbQGSxw==</la texit>
!↵<latexit sha1_base64="IwTktlFx0Tf0r955tLfPjnUpKxM=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy4MZlBXuBJoST6aQdOjMJMxOhhj6JGxeKuPVR3Pk2TtsstPWHgY//nMM588cZZ9p43rdT2djc2t6p7tb29 g8O6+7RcVenuSK0Q1Keqn4MmnImaccww2k/UxREzGkvntzO671HqjRL5YOZZjQUMJIsYQSMtSK3HqSCjiAqAuDZGGaR2/Ca3kJ4HfwSGqhUO3K/gmFKckGlIRy0HvheZsIClGGE01ktyDXNgExgRAcWJQiqw2Jx+AyfW2eIk1TZJw1euL8nChBaT0VsOwWYsV6tzc3/aoPcJDdhwWSWGyrJclGSc2xSPE8BD5mixPCpBSCK2VsxGYMCYmxWNRuCv/rldeheNn3L91eNVquMo4pO0Rm6QD66Ri10h9qogwjK0TN6RW/Ok/PivDsfy9aKU86coD9yPn8AHPCTXQ==</lat exit><latexit sha1_base64="IwTktlFx0Tf0r955tLfPjnUpKxM=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy4MZlBXuBJoST6aQdOjMJMxOhhj6JGxeKuPVR3Pk2TtsstPWHgY//nMM588cZZ9p43rdT2djc2t6p7tb29 g8O6+7RcVenuSK0Q1Keqn4MmnImaccww2k/UxREzGkvntzO671HqjRL5YOZZjQUMJIsYQSMtSK3HqSCjiAqAuDZGGaR2/Ca3kJ4HfwSGqhUO3K/gmFKckGlIRy0HvheZsIClGGE01ktyDXNgExgRAcWJQiqw2Jx+AyfW2eIk1TZJw1euL8nChBaT0VsOwWYsV6tzc3/aoPcJDdhwWSWGyrJclGSc2xSPE8BD5mixPCpBSCK2VsxGYMCYmxWNRuCv/rldeheNn3L91eNVquMo4pO0Rm6QD66Ri10h9qogwjK0TN6RW/Ok/PivDsfy9aKU86coD9yPn8AHPCTXQ==</lat exit><latexit sha1_base64="IwTktlFx0Tf0r955tLfPjnUpKxM=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy4MZlBXuBJoST6aQdOjMJMxOhhj6JGxeKuPVR3Pk2TtsstPWHgY//nMM588cZZ9p43rdT2djc2t6p7tb29 g8O6+7RcVenuSK0Q1Keqn4MmnImaccww2k/UxREzGkvntzO671HqjRL5YOZZjQUMJIsYQSMtSK3HqSCjiAqAuDZGGaR2/Ca3kJ4HfwSGqhUO3K/gmFKckGlIRy0HvheZsIClGGE01ktyDXNgExgRAcWJQiqw2Jx+AyfW2eIk1TZJw1euL8nChBaT0VsOwWYsV6tzc3/aoPcJDdhwWSWGyrJclGSc2xSPE8BD5mixPCpBSCK2VsxGYMCYmxWNRuCv/rldeheNn3L91eNVquMo4pO0Rm6QD66Ri10h9qogwjK0TN6RW/Ok/PivDsfy9aKU86coD9yPn8AHPCTXQ==</lat exit><latexit sha1_base64="IwTktlFx0Tf0r955tLfPjnUpKxM=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy4MZlBXuBJoST6aQdOjMJMxOhhj6JGxeKuPVR3Pk2TtsstPWHgY//nMM588cZZ9p43rdT2djc2t6p7tb29 g8O6+7RcVenuSK0Q1Keqn4MmnImaccww2k/UxREzGkvntzO671HqjRL5YOZZjQUMJIsYQSMtSK3HqSCjiAqAuDZGGaR2/Ca3kJ4HfwSGqhUO3K/gmFKckGlIRy0HvheZsIClGGE01ktyDXNgExgRAcWJQiqw2Jx+AyfW2eIk1TZJw1euL8nChBaT0VsOwWYsV6tzc3/aoPcJDdhwWSWGyrJclGSc2xSPE8BD5mixPCpBSCK2VsxGYMCYmxWNRuCv/rldeheNn3L91eNVquMo4pO0Rm6QD66Ri10h9qogwjK0TN6RW/Ok/PivDsfy9aKU86coD9yPn8AHPCTXQ==</lat exit>
k
<latexit sha1_base64="DXfX49Jg21Ot3VoBQNMQRQgY8vw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfK u5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqzUZVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcut61qjUcRRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/R7Yzt</latexit><latexit sha1_base64="DXfX49Jg21Ot3VoBQNMQRQgY8vw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfK u5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqzUZVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcut61qjUcRRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/R7Yzt</latexit><latexit sha1_base64="DXfX49Jg21Ot3VoBQNMQRQgY8vw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfK u5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqzUZVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcut61qjUcRRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/R7Yzt</latexit><latexit sha1_base64="DXfX49Jg21Ot3VoBQNMQRQgY8vw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfK u5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqzUZVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcut61qjUcRRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/R7Yzt</latexit>
 µ > 0
<latexit sha1_base64="2pVGTvoEoIhUxr/uZg6+xSgsNqw=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuL HMiKALkYIblxXsBdqhZNJMG5vLkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw45548Szoz1/W+vsLK6tr5R3Cxtbe/s7pX3D5pGpZrQBlFc6XaEDeVM0oZlltN2oikWEaetaHQ7rbeeqDZMyQc7Tmgo8ECymBFsndU864r0xu+VK 37VnwktQ5BDBXLVe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxKLGgJsxm207QiXP6KFbaPWnRzP09kWFhzFhErlNgOzSLtan5X62T2vgqzJhMUkslmX8UpxxZhaanoz7TlFg+doCJZm5XRIZYY2JdQCUXQrB48jI0z 6uB4/uLSu06j6MIR3AMpxDAJdTgDurQAAKP8Ayv8OYp78V79z7mrQUvnzmEP/I+fwC45o6J</latexit><latexit sha1_base64="2pVGTvoEoIhUxr/uZg6+xSgsNqw=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuL HMiKALkYIblxXsBdqhZNJMG5vLkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw45548Szoz1/W+vsLK6tr5R3Cxtbe/s7pX3D5pGpZrQBlFc6XaEDeVM0oZlltN2oikWEaetaHQ7rbeeqDZMyQc7Tmgo8ECymBFsndU864r0xu+VK 37VnwktQ5BDBXLVe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxKLGgJsxm207QiXP6KFbaPWnRzP09kWFhzFhErlNgOzSLtan5X62T2vgqzJhMUkslmX8UpxxZhaanoz7TlFg+doCJZm5XRIZYY2JdQCUXQrB48jI0z 6uB4/uLSu06j6MIR3AMpxDAJdTgDurQAAKP8Ayv8OYp78V79z7mrQUvnzmEP/I+fwC45o6J</latexit><latexit sha1_base64="2pVGTvoEoIhUxr/uZg6+xSgsNqw=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuL HMiKALkYIblxXsBdqhZNJMG5vLkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw45548Szoz1/W+vsLK6tr5R3Cxtbe/s7pX3D5pGpZrQBlFc6XaEDeVM0oZlltN2oikWEaetaHQ7rbeeqDZMyQc7Tmgo8ECymBFsndU864r0xu+VK 37VnwktQ5BDBXLVe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxKLGgJsxm207QiXP6KFbaPWnRzP09kWFhzFhErlNgOzSLtan5X62T2vgqzJhMUkslmX8UpxxZhaanoz7TlFg+doCJZm5XRIZYY2JdQCUXQrB48jI0z 6uB4/uLSu06j6MIR3AMpxDAJdTgDurQAAKP8Ayv8OYp78V79z7mrQUvnzmEP/I+fwC45o6J</latexit><latexit sha1_base64="2pVGTvoEoIhUxr/uZg6+xSgsNqw=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuL HMiKALkYIblxXsBdqhZNJMG5vLkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw45548Szoz1/W+vsLK6tr5R3Cxtbe/s7pX3D5pGpZrQBlFc6XaEDeVM0oZlltN2oikWEaetaHQ7rbeeqDZMyQc7Tmgo8ECymBFsndU864r0xu+VK 37VnwktQ5BDBXLVe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxKLGgJsxm207QiXP6KFbaPWnRzP09kWFhzFhErlNgOzSLtan5X62T2vgqzJhMUkslmX8UpxxZhaanoz7TlFg+doCJZm5XRIZYY2JdQCUXQrB48jI0z 6uB4/uLSu06j6MIR3AMpxDAJdTgDurQAAKP8Ayv8OYp78V79z7mrQUvnzmEP/I+fwC45o6J</latexit>
Antiferromagnetic insulator
<latexit sha1_base64="WlPFciXaRizHkcpB4IaGW2viIx0=">AAACC3icbZA9SwNBEIb34leMX1FLmyNB sAp3ImhhEbGxjGA+IAlhbzOXLNnbPXbnxHCkt/Gv2FgoYusfsPPfuJek0MSBhYf3nZll3iAW3KDnfTu5ldW19Y38ZmFre2d3r7h/0DAq0QzqTAmlWwE1ILiEOnIU0Io10CgQ0AxG15nfvAdtuJJ3OI6hG9GB5CFnFK3UK5Y6 CA+YXknkIWitMhuQM5dLkwiKSk96xbJX8ablLoM/hzKZV61X/Or0FUsikMgENabtezF2U6rtXgGTQicxEFM2ogNoW5Q0AtNNp7dM3GOr9N1QafskulP190RKI2PGUWA7I4pDs+hl4n9eO8HwoptyGScIks0+ChPhonKzYNw+ 18BQjC1QpnmWARtSTRna+Ao2BH/x5GVonFZ8y7dn5erlPI48OSIlckJ8ck6q5IbUSJ0w8kieySt5c56cF+fd+Zi15pz5zCH5U87nD6DFnAU=</latexit><latexit sha1_base64="WlPFciXaRizHkcpB4IaGW2viIx0=">AAACC3icbZA9SwNBEIb34leMX1FLmyNB sAp3ImhhEbGxjGA+IAlhbzOXLNnbPXbnxHCkt/Gv2FgoYusfsPPfuJek0MSBhYf3nZll3iAW3KDnfTu5ldW19Y38ZmFre2d3r7h/0DAq0QzqTAmlWwE1ILiEOnIU0Io10CgQ0AxG15nfvAdtuJJ3OI6hG9GB5CFnFK3UK5Y6 CA+YXknkIWitMhuQM5dLkwiKSk96xbJX8ablLoM/hzKZV61X/Or0FUsikMgENabtezF2U6rtXgGTQicxEFM2ogNoW5Q0AtNNp7dM3GOr9N1QafskulP190RKI2PGUWA7I4pDs+hl4n9eO8HwoptyGScIks0+ChPhonKzYNw+ 18BQjC1QpnmWARtSTRna+Ao2BH/x5GVonFZ8y7dn5erlPI48OSIlckJ8ck6q5IbUSJ0w8kieySt5c56cF+fd+Zi15pz5zCH5U87nD6DFnAU=</latexit><latexit sha1_base64="WlPFciXaRizHkcpB4IaGW2viIx0=">AAACC3icbZA9SwNBEIb34leMX1FLmyNB sAp3ImhhEbGxjGA+IAlhbzOXLNnbPXbnxHCkt/Gv2FgoYusfsPPfuJek0MSBhYf3nZll3iAW3KDnfTu5ldW19Y38ZmFre2d3r7h/0DAq0QzqTAmlWwE1ILiEOnIU0Io10CgQ0AxG15nfvAdtuJJ3OI6hG9GB5CFnFK3UK5Y6 CA+YXknkIWitMhuQM5dLkwiKSk96xbJX8ablLoM/hzKZV61X/Or0FUsikMgENabtezF2U6rtXgGTQicxEFM2ogNoW5Q0AtNNp7dM3GOr9N1QafskulP190RKI2PGUWA7I4pDs+hl4n9eO8HwoptyGScIks0+ChPhonKzYNw+ 18BQjC1QpnmWARtSTRna+Ao2BH/x5GVonFZ8y7dn5erlPI48OSIlckJ8ck6q5IbUSJ0w8kieySt5c56cF+fd+Zi15pz5zCH5U87nD6DFnAU=</latexit><latexit sha1_base64="WlPFciXaRizHkcpB4IaGW2viIx0=">AAACC3icbZA9SwNBEIb34leMX1FLmyNB sAp3ImhhEbGxjGA+IAlhbzOXLNnbPXbnxHCkt/Gv2FgoYusfsPPfuJek0MSBhYf3nZll3iAW3KDnfTu5ldW19Y38ZmFre2d3r7h/0DAq0QzqTAmlWwE1ILiEOnIU0Io10CgQ0AxG15nfvAdtuJJ3OI6hG9GB5CFnFK3UK5Y6 CA+YXknkIWitMhuQM5dLkwiKSk96xbJX8ablLoM/hzKZV61X/Or0FUsikMgENabtezF2U6rtXgGTQicxEFM2ogNoW5Q0AtNNp7dM3GOr9N1QafskulP190RKI2PGUWA7I4pDs+hl4n9eO8HwoptyGScIks0+ChPhonKzYNw+ 18BQjC1QpnmWARtSTRna+Ao2BH/x5GVonFZ8y7dn5erlPI48OSIlckJ8ck6q5IbUSJ0w8kieySt5c56cF+fd+Zi15pz5zCH5U87nD6DFnAU=</latexit>
H
<latexit sha1_base64="eNsXKf2aYe06DA9rRON1qYLF90g=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8F QSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5S ZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6l lu3Vbq9TyOIlzAJVyDBzWoQwOa0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx85nz+c4YzK</latexit><latexit sha1_base64="eNsXKf2aYe06DA9rRON1qYLF90g=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8F QSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5S ZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6l lu3Vbq9TyOIlzAJVyDBzWoQwOa0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx85nz+c4YzK</latexit><latexit sha1_base64="eNsXKf2aYe06DA9rRON1qYLF90g=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8F QSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5S ZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6l lu3Vbq9TyOIlzAJVyDBzWoQwOa0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx85nz+c4YzK</latexit><latexit sha1_base64="eNsXKf2aYe06DA9rRON1qYLF90g=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8F QSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5S ZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6l lu3Vbq9TyOIlzAJVyDBzWoQwOa0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx85nz+c4YzK</latexit>
✓
<latexit sha1_base64="+3IVlR1SceYdoobQHFCnv6mzqcQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj xYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7 evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdG sDgEZ7hFd487b14797HorXg5TPH8Efe5w+jrI8n</latexit><latexit sha1_base64="+3IVlR1SceYdoobQHFCnv6mzqcQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj xYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7 evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdG sDgEZ7hFd487b14797HorXg5TPH8Efe5w+jrI8n</latexit><latexit sha1_base64="+3IVlR1SceYdoobQHFCnv6mzqcQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj xYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7 evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdG sDgEZ7hFd487b14797HorXg5TPH8Efe5w+jrI8n</latexit><latexit sha1_base64="+3IVlR1SceYdoobQHFCnv6mzqcQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj xYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7 evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdG sDgEZ7hFd487b14797HorXg5TPH8Efe5w+jrI8n</latexit>SNV
<latexit sha1_base64="XEjZtz3Z4QUrGlQkyca9b+LBYDg=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVU lE0GXFjSupaB/QhDCZTtqhk0mYuRFLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zAkSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47weiy8Dv3VCoWizsYJ9SL8ECwkBEMWvLNfTfCMAzC7D b3MxfoA2TX7Tz3zZpdtyew5olTkhoq0fTNL7cfkzSiAgjHSvUcOwEvwxIY4TSvuqmiCSYjPKA9TQWOqPKySf7cOtJK3wpjqZ8Aa6L+3shwpNQ4CvRkkVbNeoX4n9dLITz3MiaSFKgg00Nhyi2IraIMq88kJcDHmmAimc5qkSGWmI CurKpLcGa/PE/aJ3VH85vTWuOirKOCDtAhOkYOOkMNdIWaqIUIekTP6BW9GU/Gi/FufExHF4xyZw/9gfH5A/j2lrM=</latexit><latexit sha1_base64="XEjZtz3Z4QUrGlQkyca9b+LBYDg=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVU lE0GXFjSupaB/QhDCZTtqhk0mYuRFLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zAkSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47weiy8Dv3VCoWizsYJ9SL8ECwkBEMWvLNfTfCMAzC7D b3MxfoA2TX7Tz3zZpdtyew5olTkhoq0fTNL7cfkzSiAgjHSvUcOwEvwxIY4TSvuqmiCSYjPKA9TQWOqPKySf7cOtJK3wpjqZ8Aa6L+3shwpNQ4CvRkkVbNeoX4n9dLITz3MiaSFKgg00Nhyi2IraIMq88kJcDHmmAimc5qkSGWmI CurKpLcGa/PE/aJ3VH85vTWuOirKOCDtAhOkYOOkMNdIWaqIUIekTP6BW9GU/Gi/FufExHF4xyZw/9gfH5A/j2lrM=</latexit><latexit sha1_base64="XEjZtz3Z4QUrGlQkyca9b+LBYDg=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVU lE0GXFjSupaB/QhDCZTtqhk0mYuRFLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zAkSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47weiy8Dv3VCoWizsYJ9SL8ECwkBEMWvLNfTfCMAzC7D b3MxfoA2TX7Tz3zZpdtyew5olTkhoq0fTNL7cfkzSiAgjHSvUcOwEvwxIY4TSvuqmiCSYjPKA9TQWOqPKySf7cOtJK3wpjqZ8Aa6L+3shwpNQ4CvRkkVbNeoX4n9dLITz3MiaSFKgg00Nhyi2IraIMq88kJcDHmmAimc5qkSGWmI CurKpLcGa/PE/aJ3VH85vTWuOirKOCDtAhOkYOOkMNdIWaqIUIekTP6BW9GU/Gi/FufExHF4xyZw/9gfH5A/j2lrM=</latexit><latexit sha1_base64="XEjZtz3Z4QUrGlQkyca9b+LBYDg=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVU lE0GXFjSupaB/QhDCZTtqhk0mYuRFLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zAkSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47weiy8Dv3VCoWizsYJ9SL8ECwkBEMWvLNfTfCMAzC7D b3MxfoA2TX7Tz3zZpdtyew5olTkhoq0fTNL7cfkzSiAgjHSvUcOwEvwxIY4TSvuqmiCSYjPKA9TQWOqPKySf7cOtJK3wpjqZ8Aa6L+3shwpNQ4CvRkkVbNeoX4n9dLITz3MiaSFKgg00Nhyi2IraIMq88kJcDHmmAimc5qkSGWmI CurKpLcGa/PE/aJ3VH85vTWuOirKOCDtAhOkYOOkMNdIWaqIUIekTP6BW9GU/Gi/FufExHF4xyZw/9gfH5A/j2lrM=</latexit>
l
<latexit sha1_base64="CWxa6fpfoiBE763cWGdcPpu9HoM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvg qsyIUJcVNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfTmltfWNzq7xd2dnd2z+oHh51tEwVoW0iuVS9AGvKmaBtwwynvURRHAecdoPJTe53H6nSTIp7M02oH+ORYBEj2FjpYRBIHup pbK+Mz4bVmlt350CrxCtIDQq0htWvQShJGlNhCMda9z03MX6GlWGE01llkGqaYDLBI9q3VOCYaj+bp56hM6uEKJLKHmHQXP29keFY59HsZIzNWC97ufif109NdOVnTCSpoYIsHopSjoxEeQUoZIoSw6eWYKKYzYrIGCtMjC2 qYkvwlr+8SjoXdc/yu8ta87qoowwncArn4EEDmnALLWgDAQXP8ApvzpPz4rw7H4vRklPsHMMfOJ8/QMWS/A==</latexit><latexit sha1_base64="CWxa6fpfoiBE763cWGdcPpu9HoM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvg qsyIUJcVNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfTmltfWNzq7xd2dnd2z+oHh51tEwVoW0iuVS9AGvKmaBtwwynvURRHAecdoPJTe53H6nSTIp7M02oH+ORYBEj2FjpYRBIHup pbK+Mz4bVmlt350CrxCtIDQq0htWvQShJGlNhCMda9z03MX6GlWGE01llkGqaYDLBI9q3VOCYaj+bp56hM6uEKJLKHmHQXP29keFY59HsZIzNWC97ufif109NdOVnTCSpoYIsHopSjoxEeQUoZIoSw6eWYKKYzYrIGCtMjC2 qYkvwlr+8SjoXdc/yu8ta87qoowwncArn4EEDmnALLWgDAQXP8ApvzpPz4rw7H4vRklPsHMMfOJ8/QMWS/A==</latexit><latexit sha1_base64="CWxa6fpfoiBE763cWGdcPpu9HoM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvg qsyIUJcVNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfTmltfWNzq7xd2dnd2z+oHh51tEwVoW0iuVS9AGvKmaBtwwynvURRHAecdoPJTe53H6nSTIp7M02oH+ORYBEj2FjpYRBIHup pbK+Mz4bVmlt350CrxCtIDQq0htWvQShJGlNhCMda9z03MX6GlWGE01llkGqaYDLBI9q3VOCYaj+bp56hM6uEKJLKHmHQXP29keFY59HsZIzNWC97ufif109NdOVnTCSpoYIsHopSjoxEeQUoZIoSw6eWYKKYzYrIGCtMjC2 qYkvwlr+8SjoXdc/yu8ta87qoowwncArn4EEDmnALLWgDAQXP8ApvzpPz4rw7H4vRklPsHMMfOJ8/QMWS/A==</latexit><latexit sha1_base64="CWxa6fpfoiBE763cWGdcPpu9HoM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvg qsyIUJcVNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfTmltfWNzq7xd2dnd2z+oHh51tEwVoW0iuVS9AGvKmaBtwwynvURRHAecdoPJTe53H6nSTIp7M02oH+ORYBEj2FjpYRBIHup pbK+Mz4bVmlt350CrxCtIDQq0htWvQShJGlNhCMda9z03MX6GlWGE01llkGqaYDLBI9q3VOCYaj+bp56hM6uEKJLKHmHQXP29keFY59HsZIzNWC97ufif109NdOVnTCSpoYIsHopSjoxEeQUoZIoSw6eWYKKYzYrIGCtMjC2 qYkvwlr+8SjoXdc/yu8ta87qoowwncArn4EEDmnALLWgDAQXP8ApvzpPz4rw7H4vRklPsHMMfOJ8/QMWS/A==</latexit>
d
<latexit sha1_base64="QsGwkIvZdeg/VmMckwE3pQWcNV0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEf RY8OKxBfsBbSibzaRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdQjYJLbBtuBPZShTQOBHaDyd283n1CpXkiH8w0RT+mI8kjzqixViscVmtu3V2IrINXQA0KNYfV r0GYsCxGaZigWvc9NzV+TpXhTOCsMsg0ppRN6Aj7FiWNUfv5YtEZubBOSKJE2ScNWbi/J3Iaaz2NA9sZUzPWq7W5+V+tn5no1s+5TDODki0/ijJBTELmV5OQK2RGTC1QprjdlbAxVZQZm03FhuCtnrwOnau6Z7l1XWs0ijjKcAbncAke3EA D7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPHUYzm</latexit><latexit sha1_base64="QsGwkIvZdeg/VmMckwE3pQWcNV0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEf RY8OKxBfsBbSibzaRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdQjYJLbBtuBPZShTQOBHaDyd283n1CpXkiH8w0RT+mI8kjzqixViscVmtu3V2IrINXQA0KNYfV r0GYsCxGaZigWvc9NzV+TpXhTOCsMsg0ppRN6Aj7FiWNUfv5YtEZubBOSKJE2ScNWbi/J3Iaaz2NA9sZUzPWq7W5+V+tn5no1s+5TDODki0/ijJBTELmV5OQK2RGTC1QprjdlbAxVZQZm03FhuCtnrwOnau6Z7l1XWs0ijjKcAbncAke3EA D7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPHUYzm</latexit><latexit sha1_base64="QsGwkIvZdeg/VmMckwE3pQWcNV0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEf RY8OKxBfsBbSibzaRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdQjYJLbBtuBPZShTQOBHaDyd283n1CpXkiH8w0RT+mI8kjzqixViscVmtu3V2IrINXQA0KNYfV r0GYsCxGaZigWvc9NzV+TpXhTOCsMsg0ppRN6Aj7FiWNUfv5YtEZubBOSKJE2ScNWbi/J3Iaaz2NA9sZUzPWq7W5+V+tn5no1s+5TDODki0/ijJBTELmV5OQK2RGTC1QprjdlbAxVZQZm03FhuCtnrwOnau6Z7l1XWs0ijjKcAbncAke3EA D7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPHUYzm</latexit><latexit sha1_base64="QsGwkIvZdeg/VmMckwE3pQWcNV0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEf RY8OKxBfsBbSibzaRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdQjYJLbBtuBPZShTQOBHaDyd283n1CpXkiH8w0RT+mI8kjzqixViscVmtu3V2IrINXQA0KNYfV r0GYsCxGaZigWvc9NzV+TpXhTOCsMsg0ppRN6Aj7FiWNUfv5YtEZubBOSKJE2ScNWbi/J3Iaaz2NA9sZUzPWq7W5+V+tn5no1s+5TDODki0/ijJBTELmV5OQK2RGTC1QprjdlbAxVZQZm03FhuCtnrwOnau6Z7l1XWs0ijjKcAbncAke3EA D7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPHUYzm</latexit>
ms = 0
<latexit sha1_base64="8XVnPUslw9SYmLQDEhKoyT1hplI=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR 2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0xu+VK37V n4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8 cNlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxZdj2A=</latexit><latexit sha1_base64="8XVnPUslw9SYmLQDEhKoyT1hplI=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR 2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0xu+VK37V n4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8 cNlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxZdj2A=</latexit><latexit sha1_base64="8XVnPUslw9SYmLQDEhKoyT1hplI=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR 2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0xu+VK37V n4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8 cNlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxZdj2A=</latexit><latexit sha1_base64="8XVnPUslw9SYmLQDEhKoyT1hplI=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR 2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0xu+VK37V n4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8 cNlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxZdj2A=</latexit>
ms = 1
<latexit sha1_base64="QrUQAeP4b6yPDJJY5dXV5rHGB14=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR 2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0JuiVK37Vn 4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8c NlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxfhj2E=</latexit><latexit sha1_base64="QrUQAeP4b6yPDJJY5dXV5rHGB14=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR 2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0JuiVK37Vn 4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8c NlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxfhj2E=</latexit><latexit sha1_base64="QrUQAeP4b6yPDJJY5dXV5rHGB14=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR 2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0JuiVK37Vn 4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8c NlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxfhj2E=</latexit><latexit sha1_base64="QrUQAeP4b6yPDJJY5dXV5rHGB14=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR 2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0JuiVK37Vn 4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8c NlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxfhj2E=</latexit>
ms =  1
<latexit sha1_base64="KV33sWtaOML8aIqeRoqC8wjuebQ=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR3F hmRNCNUnDjsoK9QDuUTJppQ5PMmGSEMvQl3LhQxK2v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B00Tp5qyBo1FrNshMUxwxRqWW8HaiWZEhoK1wtHttN56YtrwWD3YccICSQaKR5wS66y27GVmcn3m98 oVr+rNhJfBz6ECueq98le3H9NUMmWpIMZ0fC+xQUa05VSwSambGpYQOiID1nGoiGQmyGb7TvCJc/o4irV7yuKZ+3siI9KYsQxdpyR2aBZrU/O/Wie10VWQcZWklik6/yhKBbYxnh6P+1wzasXYAaGau10xHRJNqHURlVwI/uLJy 9A8r/qO7y8qtZs8jiIcwTGcgg+XUIM7qEMDKAh4hld4Q4/oBb2jj3lrAeUzh/BH6PMHg6aPmA==</latexit><latexit sha1_base64="KV33sWtaOML8aIqeRoqC8wjuebQ=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR3F hmRNCNUnDjsoK9QDuUTJppQ5PMmGSEMvQl3LhQxK2v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B00Tp5qyBo1FrNshMUxwxRqWW8HaiWZEhoK1wtHttN56YtrwWD3YccICSQaKR5wS66y27GVmcn3m98 oVr+rNhJfBz6ECueq98le3H9NUMmWpIMZ0fC+xQUa05VSwSambGpYQOiID1nGoiGQmyGb7TvCJc/o4irV7yuKZ+3siI9KYsQxdpyR2aBZrU/O/Wie10VWQcZWklik6/yhKBbYxnh6P+1wzasXYAaGau10xHRJNqHURlVwI/uLJy 9A8r/qO7y8qtZs8jiIcwTGcgg+XUIM7qEMDKAh4hld4Q4/oBb2jj3lrAeUzh/BH6PMHg6aPmA==</latexit><latexit sha1_base64="KV33sWtaOML8aIqeRoqC8wjuebQ=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR3F hmRNCNUnDjsoK9QDuUTJppQ5PMmGSEMvQl3LhQxK2v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B00Tp5qyBo1FrNshMUxwxRqWW8HaiWZEhoK1wtHttN56YtrwWD3YccICSQaKR5wS66y27GVmcn3m98 oVr+rNhJfBz6ECueq98le3H9NUMmWpIMZ0fC+xQUa05VSwSambGpYQOiID1nGoiGQmyGb7TvCJc/o4irV7yuKZ+3siI9KYsQxdpyR2aBZrU/O/Wie10VWQcZWklik6/yhKBbYxnh6P+1wzasXYAaGau10xHRJNqHURlVwI/uLJy 9A8r/qO7y8qtZs8jiIcwTGcgg+XUIM7qEMDKAh4hld4Q4/oBb2jj3lrAeUzh/BH6PMHg6aPmA==</latexit><latexit sha1_base64="KV33sWtaOML8aIqeRoqC8wjuebQ=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR3F hmRNCNUnDjsoK9QDuUTJppQ5PMmGSEMvQl3LhQxK2v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B00Tp5qyBo1FrNshMUxwxRqWW8HaiWZEhoK1wtHttN56YtrwWD3YccICSQaKR5wS66y27GVmcn3m98 oVr+rNhJfBz6ECueq98le3H9NUMmWpIMZ0fC+xQUa05VSwSambGpYQOiID1nGoiGQmyGb7TvCJc/o4irV7yuKZ+3siI9KYsQxdpyR2aBZrU/O/Wie10VWQcZWklik6/yhKBbYxnh6P+1wzasXYAaGau10xHRJNqHURlVwI/uLJy 9A8r/qO7y8qtZs8jiIcwTGcgg+XUIM7qEMDKAh4hld4Q4/oBb2jj3lrAeUzh/BH6PMHg6aPmA==</latexit>
 (! )
<latexit sha1_base64="2H4f2b6NP5rU2eF8hrSMuSM8PPU=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCXV gSEXQlBRe6rGAv0IRwMp20Q2cyYWYilpBXceNCEbe+iDvfxmmbhbb+MPDxn3M4Z/4wYVRpx/m2VlbX1jc2S1vl7Z3dvf3KQbWjRCoxaWPBhOyFoAijMWlrqhnpJZIADxnphuObab37SKSiIn7Qk4T4HIYxjSgGbaygUvVugXOoe 4KTIQTZWX4aVGpOw5nJXga3gBoq1AoqX95A4JSTWGMGSvVdJ9F+BlJTzEhe9lJFEsBjGJK+wRg4UX42uz23T4wzsCMhzYu1PXN/T2TAlZrw0HRy0CO1WJua/9X6qY6u/IzGSapJjOeLopTZWtjTIOwBlQRrNjEAWFJzq41HIAFr E1fZhOAufnkZOucN1/D9Ra15XcRRQkfoGNWRiy5RE92hFmojjJ7QM3pFb1ZuvVjv1se8dcUqZg7RH1mfPyNPk9Q=</latexit><latexit sha1_base64="2H4f2b6NP5rU2eF8hrSMuSM8PPU=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCXV gSEXQlBRe6rGAv0IRwMp20Q2cyYWYilpBXceNCEbe+iDvfxmmbhbb+MPDxn3M4Z/4wYVRpx/m2VlbX1jc2S1vl7Z3dvf3KQbWjRCoxaWPBhOyFoAijMWlrqhnpJZIADxnphuObab37SKSiIn7Qk4T4HIYxjSgGbaygUvVugXOoe 4KTIQTZWX4aVGpOw5nJXga3gBoq1AoqX95A4JSTWGMGSvVdJ9F+BlJTzEhe9lJFEsBjGJK+wRg4UX42uz23T4wzsCMhzYu1PXN/T2TAlZrw0HRy0CO1WJua/9X6qY6u/IzGSapJjOeLopTZWtjTIOwBlQRrNjEAWFJzq41HIAFr E1fZhOAufnkZOucN1/D9Ra15XcRRQkfoGNWRiy5RE92hFmojjJ7QM3pFb1ZuvVjv1se8dcUqZg7RH1mfPyNPk9Q=</latexit><latexit sha1_base64="2H4f2b6NP5rU2eF8hrSMuSM8PPU=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCXV gSEXQlBRe6rGAv0IRwMp20Q2cyYWYilpBXceNCEbe+iDvfxmmbhbb+MPDxn3M4Z/4wYVRpx/m2VlbX1jc2S1vl7Z3dvf3KQbWjRCoxaWPBhOyFoAijMWlrqhnpJZIADxnphuObab37SKSiIn7Qk4T4HIYxjSgGbaygUvVugXOoe 4KTIQTZWX4aVGpOw5nJXga3gBoq1AoqX95A4JSTWGMGSvVdJ9F+BlJTzEhe9lJFEsBjGJK+wRg4UX42uz23T4wzsCMhzYu1PXN/T2TAlZrw0HRy0CO1WJua/9X6qY6u/IzGSapJjOeLopTZWtjTIOwBlQRrNjEAWFJzq41HIAFr E1fZhOAufnkZOucN1/D9Ra15XcRRQkfoGNWRiy5RE92hFmojjJ7QM3pFb1ZuvVjv1se8dcUqZg7RH1mfPyNPk9Q=</latexit><latexit sha1_base64="2H4f2b6NP5rU2eF8hrSMuSM8PPU=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCXV gSEXQlBRe6rGAv0IRwMp20Q2cyYWYilpBXceNCEbe+iDvfxmmbhbb+MPDxn3M4Z/4wYVRpx/m2VlbX1jc2S1vl7Z3dvf3KQbWjRCoxaWPBhOyFoAijMWlrqhnpJZIADxnphuObab37SKSiIn7Qk4T4HIYxjSgGbaygUvVugXOoe 4KTIQTZWX4aVGpOw5nJXga3gBoq1AoqX95A4JSTWGMGSvVdJ9F+BlJTzEhe9lJFEsBjGJK+wRg4UX42uz23T4wzsCMhzYu1PXN/T2TAlZrw0HRy0CO1WJua/9X6qY6u/IzGSapJjOeLopTZWtjTIOwBlQRrNjEAWFJzq41HIAFr E1fZhOAufnkZOucN1/D9Ra15XcRRQkfoGNWRiy5RE92hFmojjJ7QM3pFb1ZuvVjv1se8dcUqZg7RH1mfPyNPk9Q=</latexit>
 (!+)
<latexit sha1_base64="PlE8sT+xdMtjKPOnMlq01+yHctg=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCRSi JCLqSggtdVrAXaEI4mU7aoTOZMDMRS8iruHGhiFtfxJ1v47TNQlt/GPj4zzmcM3+YMKq043xbK6tr6xubpa3y9s7u3n7loNpRIpWYtLFgQvZCUITRmLQ11Yz0EkmAh4x0w/HNtN59JFJRET/oSUJ8DsOYRhSDNlZQqXq3wDnUPcHJE ILsLD8NKjWn4cxkL4NbQA0VagWVL28gcMpJrDEDpfquk2g/A6kpZiQve6kiCeAxDEnfYAycKD+b3Z7bJ8YZ2JGQ5sXanrm/JzLgSk14aDo56JFarE3N/2r9VEdXfkbjJNUkxvNFUcpsLexpEPaASoI1mxgALKm51cYjkIC1iatsQnA Xv7wMnfOGa/j+ota8LuIooSN0jOrIRZeoie5QC7URRk/oGb2iNyu3Xqx362PeumIVM4foj6zPHyBDk9I=</latexit><latexit sha1_base64="PlE8sT+xdMtjKPOnMlq01+yHctg=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCRSi JCLqSggtdVrAXaEI4mU7aoTOZMDMRS8iruHGhiFtfxJ1v47TNQlt/GPj4zzmcM3+YMKq043xbK6tr6xubpa3y9s7u3n7loNpRIpWYtLFgQvZCUITRmLQ11Yz0EkmAh4x0w/HNtN59JFJRET/oSUJ8DsOYRhSDNlZQqXq3wDnUPcHJE ILsLD8NKjWn4cxkL4NbQA0VagWVL28gcMpJrDEDpfquk2g/A6kpZiQve6kiCeAxDEnfYAycKD+b3Z7bJ8YZ2JGQ5sXanrm/JzLgSk14aDo56JFarE3N/2r9VEdXfkbjJNUkxvNFUcpsLexpEPaASoI1mxgALKm51cYjkIC1iatsQnA Xv7wMnfOGa/j+ota8LuIooSN0jOrIRZeoie5QC7URRk/oGb2iNyu3Xqx362PeumIVM4foj6zPHyBDk9I=</latexit><latexit sha1_base64="PlE8sT+xdMtjKPOnMlq01+yHctg=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCRSi JCLqSggtdVrAXaEI4mU7aoTOZMDMRS8iruHGhiFtfxJ1v47TNQlt/GPj4zzmcM3+YMKq043xbK6tr6xubpa3y9s7u3n7loNpRIpWYtLFgQvZCUITRmLQ11Yz0EkmAh4x0w/HNtN59JFJRET/oSUJ8DsOYRhSDNlZQqXq3wDnUPcHJE ILsLD8NKjWn4cxkL4NbQA0VagWVL28gcMpJrDEDpfquk2g/A6kpZiQve6kiCeAxDEnfYAycKD+b3Z7bJ8YZ2JGQ5sXanrm/JzLgSk14aDo56JFarE3N/2r9VEdXfkbjJNUkxvNFUcpsLexpEPaASoI1mxgALKm51cYjkIC1iatsQnA Xv7wMnfOGa/j+ota8LuIooSN0jOrIRZeoie5QC7URRk/oGb2iNyu3Xqx362PeumIVM4foj6zPHyBDk9I=</latexit><latexit sha1_base64="PlE8sT+xdMtjKPOnMlq01+yHctg=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCRSi JCLqSggtdVrAXaEI4mU7aoTOZMDMRS8iruHGhiFtfxJ1v47TNQlt/GPj4zzmcM3+YMKq043xbK6tr6xubpa3y9s7u3n7loNpRIpWYtLFgQvZCUITRmLQ11Yz0EkmAh4x0w/HNtN59JFJRET/oSUJ8DsOYRhSDNlZQqXq3wDnUPcHJE ILsLD8NKjWn4cxkL4NbQA0VagWVL28gcMpJrDEDpfquk2g/A6kpZiQve6kiCeAxDEnfYAycKD+b3Z7bJ8YZ2JGQ5sXanrm/JzLgSk14aDo56JFarE3N/2r9VEdXfkbjJNUkxvNFUcpsLexpEPaASoI1mxgALKm51cYjkIC1iatsQnA Xv7wMnfOGa/j+ota8LuIooSN0jOrIRZeoie5QC7URRk/oGb2iNyu3Xqx362PeumIVM4foj6zPHyBDk9I=</latexit>
sB<latexit sha1_base64="7RbFfKTFNfhAVS/JmZIoUUBW2Aw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgq syIoMuqG5cV7APasWTSTBuaSYYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJTe53HqnSTIp7M42pH+GRYCEj2FjpoR9hMw7CV GeD9DobVGtu3Z0BLROvIDUo0BxUv/pDSZKICkM41rrnubHxU6wMI5xmlX6iaYzJBI9oz1KBI6r9dJY6QydWGaJQKvuEQTP190aKI62nUWAn85R60cvF/7xeYsJLP2UiTgwVZH4oTDgyEuUVoCFTlBg+tQQTxWxWRMZYYWJsUR Vbgrf45WXSPqt7lt+d1xpXRR1lOIJjOAUPLqABt9CEFhBQ8Ayv8OY8OS/Ou/MxHy05xc4h/IHz+QMIkpLX</latexit><latexit sha1_base64="7RbFfKTFNfhAVS/JmZIoUUBW2Aw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgq syIoMuqG5cV7APasWTSTBuaSYYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJTe53HqnSTIp7M42pH+GRYCEj2FjpoR9hMw7CV GeD9DobVGtu3Z0BLROvIDUo0BxUv/pDSZKICkM41rrnubHxU6wMI5xmlX6iaYzJBI9oz1KBI6r9dJY6QydWGaJQKvuEQTP190aKI62nUWAn85R60cvF/7xeYsJLP2UiTgwVZH4oTDgyEuUVoCFTlBg+tQQTxWxWRMZYYWJsUR Vbgrf45WXSPqt7lt+d1xpXRR1lOIJjOAUPLqABt9CEFhBQ8Ayv8OY8OS/Ou/MxHy05xc4h/IHz+QMIkpLX</latexit><latexit sha1_base64="7RbFfKTFNfhAVS/JmZIoUUBW2Aw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgq syIoMuqG5cV7APasWTSTBuaSYYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJTe53HqnSTIp7M42pH+GRYCEj2FjpoR9hMw7CV GeD9DobVGtu3Z0BLROvIDUo0BxUv/pDSZKICkM41rrnubHxU6wMI5xmlX6iaYzJBI9oz1KBI6r9dJY6QydWGaJQKvuEQTP190aKI62nUWAn85R60cvF/7xeYsJLP2UiTgwVZH4oTDgyEuUVoCFTlBg+tQQTxWxWRMZYYWJsUR Vbgrf45WXSPqt7lt+d1xpXRR1lOIJjOAUPLqABt9CEFhBQ8Ayv8OY8OS/Ou/MxHy05xc4h/IHz+QMIkpLX</latexit><latexit sha1_base64="7RbFfKTFNfhAVS/JmZIoUUBW2Aw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgq syIoMuqG5cV7APasWTSTBuaSYYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJTe53HqnSTIp7M42pH+GRYCEj2FjpoR9hMw7CV GeD9DobVGtu3Z0BLROvIDUo0BxUv/pDSZKICkM41rrnubHxU6wMI5xmlX6iaYzJBI9oz1KBI6r9dJY6QydWGaJQKvuEQTP190aKI62nUWAn85R60cvF/7xeYsJLP2UiTgwVZH4oTDgyEuUVoCFTlBg+tQQTxWxWRMZYYWJsUR Vbgrf45WXSPqt7lt+d1xpXRR1lOIJjOAUPLqABt9CEFhBQ8Ayv8OY8OS/Ou/MxHy05xc4h/IHz+QMIkpLX</latexit>
sA<latexit sha1_base64="ONkqDFzv1tn8GWs1dmTAjr8o1vM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI oMsWNy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbTm9zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEqc6GaTMbVmt u3Z0DrRKvIDUo0BpWvwYjSZKICkM41rrvubHxU6wMI5xmlUGiaYzJFI9p31KBI6r9dJ46Q2dWGaFQKvuEQXP190aKI61nUWAn85R62cvF/7x+YsJrP2UiTgwVZHEoTDgyEuUVoBFTlBg+swQTxWxWRCZYYWJsURVbgrf85VXSuah7lt 9d1hrNoo4ynMApnIMHV9CAW2hBGwgoeIZXeHOenBfn3flYjJacYucY/sD5/AEHDZLW</latexit><latexit sha1_base64="ONkqDFzv1tn8GWs1dmTAjr8o1vM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI oMsWNy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbTm9zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEqc6GaTMbVmt u3Z0DrRKvIDUo0BpWvwYjSZKICkM41rrvubHxU6wMI5xmlUGiaYzJFI9p31KBI6r9dJ46Q2dWGaFQKvuEQXP190aKI61nUWAn85R62cvF/7x+YsJrP2UiTgwVZHEoTDgyEuUVoBFTlBg+swQTxWxWRCZYYWJsURVbgrf85VXSuah7lt 9d1hrNoo4ynMApnIMHV9CAW2hBGwgoeIZXeHOenBfn3flYjJacYucY/sD5/AEHDZLW</latexit><latexit sha1_base64="ONkqDFzv1tn8GWs1dmTAjr8o1vM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI oMsWNy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbTm9zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEqc6GaTMbVmt u3Z0DrRKvIDUo0BpWvwYjSZKICkM41rrvubHxU6wMI5xmlUGiaYzJFI9p31KBI6r9dJ46Q2dWGaFQKvuEQXP190aKI61nUWAn85R62cvF/7x+YsJrP2UiTgwVZHEoTDgyEuUVoBFTlBg+swQTxWxWRCZYYWJsURVbgrf85VXSuah7lt 9d1hrNoo4ynMApnIMHV9CAW2hBGwgoeIZXeHOenBfn3flYjJacYucY/sD5/AEHDZLW</latexit><latexit sha1_base64="ONkqDFzv1tn8GWs1dmTAjr8o1vM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI oMsWNy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbTm9zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEqc6GaTMbVmt u3Z0DrRKvIDUo0BpWvwYjSZKICkM41rrvubHxU6wMI5xmlUGiaYzJFI9p31KBI6r9dJ46Q2dWGaFQKvuEQXP190aKI61nUWAn85R62cvF/7x+YsJrP2UiTgwVZHEoTDgyEuUVoBFTlBg+swQTxWxWRCZYYWJsURVbgrf85VXSuah7lt 9d1hrNoo4ynMApnIMHV9CAW2hBGwgoeIZXeHOenBfn3flYjJacYucY/sD5/AEHDZLW</latexit>
zˆ
<latexit sha1_base64="YBNOFlEiZzP9LNQa9bIDJYocX4U=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclUQ EXUnBjcsK9gFNKJPppB06eTBzU6ihf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTpFJodJxva219Y3Nru7JT3d3bPzi0j47bOskU4y2WyER1A6q5FDFvoUDJu6niNAok7wTju8LvTLjSIokfcZpyP6LDWISCUTRS37a9EcXciyiOgjB/m s36ds2pO3OQVeKWpAYlmn37yxskLIt4jExSrXuuk6KfU4WCST6repnmKWVjOuQ9Q2Mace3n8+Qzcm6UAQkTZV6MZK7+3shppPU0CsxkEVEve4X4n9fLMLzxcxGnGfKYLQ6FmSSYkKIGMhCKM5RTQyhTwmQlbEQVZWjKqpoS3OUvr5L 2Zd01/OGq1rgt66jAKZzBBbhwDQ24hya0gMEEnuEV3qzcerHerY/F6JpV7pzAH1ifP1fflBg=</latexit><latexit sha1_base64="YBNOFlEiZzP9LNQa9bIDJYocX4U=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclUQ EXUnBjcsK9gFNKJPppB06eTBzU6ihf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTpFJodJxva219Y3Nru7JT3d3bPzi0j47bOskU4y2WyER1A6q5FDFvoUDJu6niNAok7wTju8LvTLjSIokfcZpyP6LDWISCUTRS37a9EcXciyiOgjB/m s36ds2pO3OQVeKWpAYlmn37yxskLIt4jExSrXuuk6KfU4WCST6repnmKWVjOuQ9Q2Mace3n8+Qzcm6UAQkTZV6MZK7+3shppPU0CsxkEVEve4X4n9fLMLzxcxGnGfKYLQ6FmSSYkKIGMhCKM5RTQyhTwmQlbEQVZWjKqpoS3OUvr5L 2Zd01/OGq1rgt66jAKZzBBbhwDQ24hya0gMEEnuEV3qzcerHerY/F6JpV7pzAH1ifP1fflBg=</latexit><latexit sha1_base64="YBNOFlEiZzP9LNQa9bIDJYocX4U=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclUQ EXUnBjcsK9gFNKJPppB06eTBzU6ihf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTpFJodJxva219Y3Nru7JT3d3bPzi0j47bOskU4y2WyER1A6q5FDFvoUDJu6niNAok7wTju8LvTLjSIokfcZpyP6LDWISCUTRS37a9EcXciyiOgjB/m s36ds2pO3OQVeKWpAYlmn37yxskLIt4jExSrXuuk6KfU4WCST6repnmKWVjOuQ9Q2Mace3n8+Qzcm6UAQkTZV6MZK7+3shppPU0CsxkEVEve4X4n9fLMLzxcxGnGfKYLQ6FmSSYkKIGMhCKM5RTQyhTwmQlbEQVZWjKqpoS3OUvr5L 2Zd01/OGq1rgt66jAKZzBBbhwDQ24hya0gMEEnuEV3qzcerHerY/F6JpV7pzAH1ifP1fflBg=</latexit><latexit sha1_base64="YBNOFlEiZzP9LNQa9bIDJYocX4U=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclUQ EXUnBjcsK9gFNKJPppB06eTBzU6ihf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTpFJodJxva219Y3Nru7JT3d3bPzi0j47bOskU4y2WyER1A6q5FDFvoUDJu6niNAok7wTju8LvTLjSIokfcZpyP6LDWISCUTRS37a9EcXciyiOgjB/m s36ds2pO3OQVeKWpAYlmn37yxskLIt4jExSrXuuk6KfU4WCST6repnmKWVjOuQ9Q2Mace3n8+Qzcm6UAQkTZV6MZK7+3shppPU0CsxkEVEve4X4n9fLMLzxcxGnGfKYLQ6FmSSYkKIGMhCKM5RTQyhTwmQlbEQVZWjKqpoS3OUvr5L 2Zd01/OGq1rgt66jAKZzBBbhwDQ24hya0gMEEnuEV3qzcerHerY/F6JpV7pzAH1ifP1fflBg=</latexit>
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FIG. 2. Set up for controlling and probing the chemical po-
tential of an antiferromagnetic insulator. Bottom figure: A
NV-center spin SNV lies at a height d above an antiferromag-
netic insulator and it is oriented along its anisotropy axis l,
with l · zˆ = cos θ. A static magnetic field H is applied along
the z direction. The interactions between the QI spin and the
sublattice spin densities sA and sB induce QI transitions be-
tween the spin states ms = 0 ↔ ±1 with energy loss or gain
of ω± at the rate Γ(ω±). Top figure: a right(left)-handed cir-
cularly polarized field can drive resonantly the coherent spin
dynamics of the antiferromagnetic mode α (β), which, in turn,
gives rise to a finite negative (positive) chemical potential. If
one of the NV-center resonance frequencies is equal or larger
than the magnetic gap of the α (β) mode, i.e., ω± ≥ ∆±γH,
the relaxation rate Γ(±ω) provides a direct measurement of
the chemical potential.
B. Control of the chemical potential
A diffusion equation for the z-component of the spin
density can be written as [23]
δ ˙˜n+∇ · j = −gµ , (32)
where j = −σ∇µ is the spin current, σ the bulk spin con-
ductivity and g parametrizes the relaxation of the spin
density by the phononic environment. Including the in-
terplay between the coherent and incoherent spin dynam-
ics (26), Eq. (32) becomes
δ ˙˜n+∇ · j =− gµ− ηαs˜αz · nα × (n˙α − µ~nα × z)
− ηβ s˜βz · nβ × (n˙β − µ~nβ × z) . (33)
In the setup we envision, the chemical potential can be
controlled via an AC magnetic field, which we treat as
homogeneous throughout the sample. Thus, we can set
∇µ = 0. Assuming the magnon-phonon coupling to be
comparable with the interactions between the coherent
and incoherent spin dynamics [6], i.e., ηα,β ∼ g, we ne-
glect the corrections to the chemical potential due to the
term ∝ ηα(β)µ . Thus, for a steady state, we can rewrite
6Eq. (33) as
µ = −ηαs˜α
g
〈z · nα × n˙α〉 − ηβ s˜β
g
〈z · nβ × n˙β〉 , (34)
where 〈...〉 denotes the time average over a full preces-
sion cycle. As shown by Eq. (19), a right(left)-hand cir-
cularly polarized AC field can resonantly drive the dy-
namics of the parameter nα(β). When the dynamics of
the order parameter nα(β) is driven resonantly, the con-
tribution to the chemical potential (34) due to the term
∝ 〈z · nβ(α) × n˙β(α)〉 is negligible. Thus, when the mag-
netization dynamics is driven by a right(left)-hand circu-
larly polarized field set at frequency ω = ωα(β), Eq. (34)
reads as
µ = ∓ s˜α(β)ηα(β)(γh)
2
gαα(β)ωα(β)
. (35)
As illustrated in Fig. (2), Eq. (35) shows that driving the
AFMR of the magnon mode that carries spin angular
momentum ±~ engenders a finite positive (negative)
chemical potential. The latter can be probed experi-
mentally via the NV-center relaxation rate (31).
V. CONCLUSION AND OUTLOOK
In this work, we established a rigorous definition of
the magnon chemical potential of a U(1)-symmetric an-
tiferromagnetic insulating system. Specifically, we found
that the two antiferromagnetic modes are described by
an equal and opposite chemical potential. We developed
a general phenomenology that accounts for the coupled
dynamics of the antiferromagnetic order parameters and
the thermal magnon cloud. Our results show that the
torque exerted by the thermal magnon cloud on the or-
der parameters and the back-action of the latters resem-
ble the spin transfer torque and spin pumping processes
at a magnetic insulator|normal metal interface [15,16]. In
particular, the dynamics of each magnetic order param-
eter can pump spin angular momentum into the thermal
magnon cloud, leading to a finite magnon chemical poten-
tial, whose sign depends on the handedness of the order-
parameter precession. Thus, by driving resonantly the
dynamics of one of the antiferromagnetic order parame-
ters via an AC magnetic field, one can tune the chemical
potential of the system. In Ref. [6], the authors found
that the magnon chemical potential of YIG can reach, as
function of the AC drive amplitude, its maximum value,
i.e., corresponding to magnon BEC. This result suggests
that, for antiferromagnetic materials with comparable
magnetic gaps, magnon BEC could be experimentally re-
alized in an analogous way. In an antiferromagnetic sys-
tem, the magnon species undergoing BEC can be selected
by the handedness of the drive. Alternatively, selective
magnon BEC could be achieved by means of a spin accu-
mulation in an adjacent metal. By reversing the direction
of the charge current flowing into the metal, one can tune
the orientation of the spin accumulation induced via the
Spin Hall effect [24]. A spin accumulation set along the
±z direction will exert a spin transfer torque on the an-
tiferromagnetic mode with positive (negative) chemical
potential, possibly triggering its condensation [25]. The
hydrodynamics and transport properties of this partially
condensed state are an interesting direction for future
research.
Furthermore, we discuss NV center relaxometry as a
way to probe the antiferromagnetic chemical potential.
The proposed experimental set-up requires the NV-center
frequency to be comparable or higher than the antiferro-
magnetic gap. Since the maximum NV-center frequency
is of the order of ∼ 100 GHz [8], two relevant materi-
als for the proposal presented here are the antiferromag-
netic insulators RbMnF3 and KNiF3. These simple cu-
bic Heisenberg antiferromagnets display a relatively low
magnetic gap due to an anisotropy magnetic field of, re-
spectively, HA = 4.5 Oe and HA = 80 Oe, five orders of
magnitude smaller than the corresponding exchange field
HE [26, 27].
Finally, throughout this work, we have assumed that
the static magnetic field is far below the critical field
value that triggers a reorientation transition in easy-axis
antiferromagnets, i.e., below the spin-flop transition. Fu-
ture work should address the statistics of the magnetic
excitations throughout this transition.
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